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Dual ascent method

We consider the equality-constrained convex optimization problem

min f(x) (1)

subject to Ax = b,
where z € R™, A € R™*™ and f is convex function. The Lagrangian is
L(z,v) = f(z) + v (Az — b).

If there exist z* and v* such that Vf(z*) + ATv* = 0 and Az* = b then z* is the solution of
the primal problem by the KKT conditions.
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The dual problem is given by
max inf L(z, V).
14 x
If the strong duality holds, the optimal z* satisfies

a* = argmin, L(x,v"),

where v* is the optimal solution of the dual problem. The strong duality means that we can also
solve the primal problem through the dual problem.

University of Seoul Alternating Direction Method of Multipliers | 3/63



Since the dual function is always concave, we can maximize the dual function by the gradient
ascent method under regularity conditions. The dual ascent method consists of two parts:

e evaluation of the dual function from the Lagrangian function (minimization)
g(v*) = min L(z, v*)

e computation of the gradient of the dual function and update the dual solution.
L= R 4 pVg(Vb),

where p > 0 is a learning rate.
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Gradient of g

e The dual function g(v*) is computed by g(v*) = L(zFT1, v*), where
x*+1 = argmin, L(x, v*). Note that 2**1 is a function of *.

e Let 2*(v) = argmin,L(x,v). Then, g(v) = L(z*(v),v). The gradient Vg(v) is given by

OL(z*(v),v) _ OL(z*,v) 0x*(v) " OL(z*,v)

Vo) = ov ox ov ov
B OL(z*,v)
= 0x o + (Az —b)
= (AJZ - b)7

because x* is the minimizer of L(x,v) for each v. Thus,

Vg(*) = Az*+ —b
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Dual Ascent Method for (1)

(1) Set k=0 and v(*).

(2) 2%+ = argmin, f(z) + v 7 (Az — b)

(3) v+ = (&) 4 p(Az(k+D) — p)

(4) k + k4 1 and check the convergence of z(*) and v(¥).
(5)

5) Repeat (2)-(4) until the solutions are converge.
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Example 1 (Dual Decomposition)

Let f: R™ — R and f is separable, that is f(x) = fi(x1) + -+ fr(xk), where f; : R™ — R,
z; € R™ and Zle n; = n. Consider the following optimization problem with an equality
constraint.

min f(x)

subject to Ax —b=0.

Let A; be a submatrix of A associated x;. That is, Ax = Ajx1 + -+ + Agxzy. Then the
Lagrangian is written by

L(:I,‘,l/):Ll(xl,y)+"-+Lk(Ik’l/)+l/Tb

where L,(IL, I/) = fq(CCl) + I/TAiIi.
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Then, we can apply z-update to each dual ascent method by z;.

a:l(-kH) = argminIiLi(a:i,V(k))
pEt) = I/(k)Jr,D(ZAiIEIH_U*b)

i=1
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Method of Multipliers

We consider the convex optimization problem

minimize f(z)

subject to Ax =b

r €RP, A e R™*™ and [ is convex funciton.

Then, the Lagrangian is
L(z,v) = f(z) + v (Az - b).
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An augmented Lagrangian is what gives a 2-norm penalty for equality constraint in the Lagrangian
and is defined by

Ly(@,v) = f(@) +v" (A =) + £ || Az = |}

where p > 0.
Applying the dual ascent method to the modified problem is known as the method of multipliers.

k+1)  ._

x{ argmin, L, (z,v*))

vEHD = (B g Az (RHD p)
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If f is differentiable, then the optimality conditions are defined by :

Primal feasibility : Az —0=0
Dual feasibility : Vf(z*)+ATv* =0

*

where x*, v* is the optimal solution.

And by definition, z¥*! minimizes L,(z,v") :

0 = VLp(x(kH)ﬂ/(k))
= VD) + AT 4 p(aztH) )
Vf(z®+D) 4 ATy+D)

Thus, our dual update v*+1) makes (z(*+1) p(*+1)) dual feasible.
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Example 2 (Dual Ascent Method: parallel processing from two data databases)

Denote the empirical risk function defined on database 1 and 2 by f; and fy and denote the
model parameter by z. Considering convex optimization problems
minimize fi(x) + fa(x)

x

where z € RP and we assume f1, fo are differentiable functions.
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(continue the example)

We can reformulate the problem by

minimize fi(x) + fa(2)
B3
subject to T =z

z € RP is called an auxiliary variable.
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(continue the example)

Let L(x, z,v) = fi(z) + f2(2) + v7 (z — 2) and set an initialized v(*) with k = 0.

Note that L(z, z,v(®)) splits into two independent functions:

L(z, z, y(k)) = fi(z) + T 4 fa(2) — y(BT,

e Solve the two independent optimization problems on each database.

D = argmin fi(z) +v® Tz
x

2D = argmin fo(z) — v® T2

Update the dual parameter by

Yk+1) — (k) 4 p(l.(kJrl) _ Z(k+1))
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Generlization

The general formula, including equality constraint, is

minimize fi(x) + fa(2) (2)
subject to Ax+ Bz =c.
The Lagrangian is defined by
L@, 2,v) = fu(@) + fol2) + T (Az+ Bz — c). 3)
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Since the objective function is separable for = and z, we can apply the maximization with respect
to x and z independently in the dual ascent method.

D = argming fi(z) + (ATo®) T
Z*HD = argmin, fo(z) + (BTo™) T2
pHD k) (Aw(k-H) 4 Byt _ C>
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Alternating Direction Method of Multipliers [Boyd et al., 2011]

min  f(2) +g(2) + pllAz + Bz — c||? (4)
subject to Ax + Bz =,

where p > 0 The problem (4) is the same solution as (2). Because Az + Bz — ¢ = 0 whenever
(z, 2) is feasible.
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Update rule

Ly(z,2,v) = f(z) + g(2) +v' (Az + Bz — ¢) + p|| Az + Bz — ¢|?

e For given v*) and z(*), minimize Lp(x,z(k),l/<k)) w.r.t .
e For given v*) and 2(*+1) minimize Lp(a:(k+1),z,u(k)) w.r.t z.

o For given z(*t1) and 2+ update vt = p(Az*+1) 4 B+ _¢).
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Investigation of updating rule

e Denote the Lagrangian of (4) by
L(z,z,v) = f(z) + g(2) + v' (Az + Bz — ¢)

e In the view of minimizing (3) L(z, z,v) w.r.t (z, z), L,(x,z,v) is a majorized function of
L(z,z,v) at a point on {(x,2) : Az + Bz — ¢ = 0}.
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Assume f and g are differentiable, then we have two feasibility conditions:

primal feasibility : Az*+ Bz*—¢c=0
dual feasibility : Vf(z*)+ATv* =0
Vg(z*)+BTv* =0

*

where x*, z*, v* is the optimal solution.
e primal feasibility: the solution should satisfy the constraint.

e dual feasibility: By the definition of the dual function, the dual variable v* is feasible if
(x*,2*) is the minimizer of f(x) + g(z) + v(Az + Bz — ¢), that is

Vi) +A"v*=0and Vf(z*)+ B v* =0
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Investigation of updating rule: Dual feasibility condition

e Suppose that the dual variable is updated by
V(kJrl) _ l/(k> +p(Ax(k+1) + Bz(k+1) o C).
e If 205+ minimizes L,(zF+1) 2, v ().

0 = Vg(*tD) 4+ BTu® 4 pBT (Az*+D) 4 B+ _ ()
= Vg(z(k'+1)) + BT(V(k) =+ p(Ax(kH) + Bp(k+1) _ 0)
Vg(z*++D) + pTyk+D)

Therefore z-update always holds dual feasibility for z. However, the dual feasibility of x is
not guaranteed.
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Because z(*+Y) minimizes L,(z, (%), v(®),

0 = f(I k+1)> AT (k) +p(Ax(k+1) +Bz(k) 76)
= ViE®D) + AT @® + p(Az*+D) 4 B0 ()
_ Vf(.%'(k+1)) +AT( (k) +p(A.’E(k+1) +Bz(k+1) )+p(BZ(k) _ Bz(k+1)))
= Vi@RD) £ AT kD) 4 AT B () _ kD),

<

Thus, the dual feasibility is written by

F@®D) § AT 0D — AT (o)) _ )y —
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Stopping criterion

We can define the primal and dual residuals in ADMM at step k& + 1

Primal residuals : 7#tD) = Ag(+D) 4 g (k+1) _

Dual residuals : s* 1) = pAT B(z(F+1) — (k)

Therefore stopping criterion satisfies that ||r||2 and ||s||2 are smaller than any e.

e Primal residuals are defined by primal feasibility.

e Dual residual defined by the first dual optimality conditions.
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Alternating Direction Method of Multipliers

e Given z, z, and v, p to some initial value.
e Repeat:
e x:=argmin, L,(x,z,v)
e z:=argmin_L,(z,z,v)
v:=v+ p(Az + Bz — ¢)
Stopping criterion : quit ||r]| < € and ||s|| < e.
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Scaled form of ADMM

Define the residual r = Az + Bz — ¢; then we have transformed an augmented Lagrangian by

Ly(@,zv) = f@)+g(z)+vTr+Ellrl?

1
£(2) +9() + Glir + vl = P

= f(z)+g(2) + gHr + u||? + constant,

where u = v.
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The scaled ADMM provides a simpler form of the update formula: let u(*) = l/(k)/p.

25D = argmin, (f(x) + g | Az + Bz — ¢+ u(* )
2k = argmin, (g(z) + gHAx(kH) + Bz —c+u®|? )
IS ) I () (Ax<k+1> 1 ByktD) _ C)

University of Seoul Alternating Direction Method of Multipliers |

26 /63



Scaled dual ADMM

e Given z, z, and u, p to some initial value.
e Repeat:
e z:=argmin, (f(z) + 2||Az + Bz — c + ul*)
o z:=argmin, (9(2) + 2||Az + Bz — c + ul?)
u:=u+ (Az + Bz —¢)
Stopping criterion : quit ||r|| < € and |[|s]| < €
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Using the scaled dual variable, we express the z-update step as

xt = argmin(f(x)JrgHA:L'JrBszJrUH%)

, p
argmin (f(x) + §||Ax = v||§) ,

where v = —Bz + ¢ — u is a known constant vector for the purposes of the z-update. If A =1
then

2+ = argmin (f(@) + 2z — ol}3)

Update the z in the same way as z-update.
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Definition 3 (Proximal Operator)

For a convex function f

. 1
prox ;(v) = argmin, f(z) + 3 [lz — v|”

University of Seoul Alternating Direction Method of Multipliers | 29/63



Example 4 (Projection)

If f is the indicator function of a closed nonempty convex set C, then the z-update is
2+ = argmin (f(2) + Zllz = 0ll3) = Ho (),
xr

where

oo otherwise

f(x):{o ifreC

and IT- denotes projection onto C.
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Example 5 (Soft Thresholding)

For an example that will come up often in the sequel, consider f(z) = Aljz||y (with A > 0) and
A = I. In this case, the (scalar) z-update is

T

1
argmin Az| + = (z — v)?
;c 2

v—XA ,ifu>A\
0 Jf =A< o< A
v+ A ifu< =M
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Definition 6 (Soft Thresholding operator)

Sy : R +— R is defined by
v—A ,ifu>A\

Sx(v) =4 0 Jif =A< v <\
v+ ifu< =)
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Example 7 (Lasso)

The lasso regression estimator is obtained by solving the problem
min ||Az — b||2 + A||z||;
TERP

An equivalent problem is given by

min | Az — b||% + A||z||1
0Bo53

subject to Ix —12=0.
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The scaled form of ADMM defines
_ 2 P 2
Ly(z,z,u) = [|[Az = b]" + All2lls + S llz — 2+ u]*.

The following is the first iteration of the ADMM.

1. Initialize u(® and 2(®.

2. Obtain 2 = argmin ||Az — b||? + £z — 2O + w2
3. Obtain z() = argmin Allzy + £[jz®) — 2z + u(9]2
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Computation of the steps 2 and 3

21 has a closed form as

e =2(AT A+ pI)7H(20" Ap(2? — u(®))

z(1) has also a closed form. Let v = (vy, -+ ,v,) = 2 +ul®. Note that A||z|[1 + £||z —v||* =
AP |zl 4+ § X5 (25 — v5)? such that z(1) = (2D o 25 where

20 = argmin Az| + B(z — ;)2

J gz 2 J

A 1
= arg;nin ;|z|—|—§(z—vj)2

= Sy/p(v;) (Soft thresholding operator)
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Consensus Problem
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What is a consensus problem?

Consider the case with a single global variable x, with the objective and constraint split into IV
parts:

x

min  f(2) =Y fifa), (5)

where z € R™, and f; : R — R U {400} are convex and encode constraints by assuming
fi(X) = 400 when a constraint is violated.
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As T

=
o2

Figure 1: Parallel process in z-udpate

If one processor has high computing complexity, it leads to a bottleneck state.
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What is a sharing problem?

The sharing problem involves each agent adjusting its variable to minimize its individual cost f;,
as well as the shared objective g.

N N
H;IH Zfz(xz) +9(Z T;), (6)
=i i=1

where z; € R™, f; is a local cost function in subsystem ¢ and g is the shared objective.

The sharing problem is important because many useful problems can be put into this form.
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When can we use distributed fitting?

e This is useful either when there are so many training examples that it is inconvenient or
impossible to process them on a single machine or when the data is naturally collected or
stored in a distributed fashion.
ex) online social network data, web server access logs, wireless sensor networks

e This is useful when the data have modest examples but a large of features.
ex) NLP, bioinformatics
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Suppose we have this problem
minimize l(Az —b) +r(x) (7)

where z€R" AeR™" peR™ [:R™ 5> R,r:R" - R
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Definition 8 (Data parallelization)

Suppose that I(u1, -+ ,um) = l1(u1) + - - - + Iy (). The problem is written by

I(Az —b) = zm:li(afx —bi),

=il

where a, is the ith row vector of A. If r(-) is separable, it is a consensus and sharing problem.
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(7) is a consensus form

N

minimize Zli(a;xi —b;) +7(2) (8)
i=1

subject to x; —2z=0. (9)

Then, the scaled Lagrangian of the above problem (8) is obtained by

L,(z1,...,2N,2,Y)
N

> (e mi — ;) +7(2) + (p/2) |1z — 2 + |3 + [[us|3)

i=1
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The resulting ADMM algorithm is the following:

oY= argmin(li(Aszi — bi) + (p/2)l|zi — 2F + uk|[3)
N
2D = argmin(r(z) + (p/2) Y llzi — 2 + will3)
=1
= argmin(r(2) + (Np/2)|}z — 2*+D — a¥||3)
WD = gk g gkt ke
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Example 9 (Parallel computing of Lasso: Data Parallelism)

. 1
min §||Al’*b||§+/\|\2||1
subject to r—2z=0,2>0
Let A; € R™*P fori=1,---,k and Zf\il ni=nand A=[A], -, AL]". Similarly let

b; € R and b= (b{, -+ ,by) . Then, an equivalent problem is given by

N
. 1
min 52”141‘361‘—()2‘”%—#)\”2“1

subject to zi—z=0fore=1,--- N.
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Letz = (2], ,2%) ", and u= (uf, - ,ul)" and B= (I,---,I)T € RNP*P, then we can

obtain the Scaled Augment Lagrangian form

1
Ly(z,z,u) = §HAJC — b+ Allz|l1 + ngaj — Bz +u?
1 N p N
= 3 > N Aimi = bill* + Allzll + 3 Dl — 2+ wal?
i=1 i=1
Note that for fixed z and w; L,(z, z,u) is separable with respect to x1,--- ,x). Thus,
, 1 ]
att = arg min( || Az; — bill3 + (p/2)|lws — 2* +uf|l3)

= (A Ai+p) 7 (Aibi + p(z* — u}))

are obtained in each server.
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Denote the jth element of z; and u; by x;; and u;;. For fixed x; and u; fori =1,--- k, L, is
separable since

Mzlly + £l = Bz +ul]?

4 k. p
= )\Z|Z]|+gzz ~L13+u2] j)2

j=1 =l g=il
P P k

= 3= (vl £t s )
j=1 i=1

Let v;; = ;; + u;;. The minimizer of L,(x,z,u) for fixed 2 and u are obtained

k
- p
z = argmin, Xz|+ 52 — ;)2
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Temporarily omit the index j in z and v.

k
argmin, Alz| + gz z—v;)?
k
= argmin, /\|z|—|— (k2® — 2( Zvl
i=1

k
= argmin, A|z|+ 2p(z — )2,

where v = Zlevi/k. Thus, the minimizer z is obtained by the soft thresholding operator
S/ (kp) (D).
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The resulting ADMM algorithm is the following:

1
#Y = argmin of| Az — bill3 + (p/2)lles — 2 + uf?
= (A A+ pI) 7 (Asb; + p(2F — uf))
Zk}Jr] . (zgk-‘rl) SR (k+1))’
where z( +1) _ = Sx/(kp) (Z; (kD) _(k))
u’“l = uy +xk+1 z’”l

Note that (A A; + pI)~! and b; for each i do not depend on the updated solutions. Thus, it
would be beneficial to restore these quantities in each memory
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Server | Server N

Ax_l—- bl: residul | A'qu-‘ by: residud,

cletl) k) e

@STEP) X, M %, ug
()
w':u) lLN

( ;ue\:) —d*)
\\;E}‘ﬂ/

(STEP2)

Figure 2: Flow of Computation
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matrix Inversion lemma
when we proceed in updating ;, we have to find (A, A; + pI)~! value then, we can use matrix
Inversion lemma,
(A+vcv)t=Aa"1—AlUu(Cct+vAaTlu)"tva!
if A and C is identity matrix, then,

(I4+UV) =T1-UI+VU) 'V
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Definition 10 (Feature Parallelization)

Suppose we have this problem

N
min Z(Z Aiz; —b) + Z 7 (;)
i=1 i

Following the approach used for the sharing problem, we express the problem as

N N
min l(z z; —b)+ Z ri(x;)
i=1 i=1

subject to Aix; —z;,=0,1=1,2...N.
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The resulting ADMM algorithm is the following:

gt = argmin(ri(z)) + (0/2) ]| Aizi — 2 + uf|13)
N N

A7 = argmin((Y ]z - 0) + ) (p/2)l1Aiwf T - 2 +uf3)
=il g=il

uf“ = uf + Aixfﬂ — zf“
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Updating z; is simplified by two steps. Note that

N
> llz —ell?
g=il

N
ZHZ;‘—C@'—Z—FE—I—E—EHz
1

)

Z |l

N
= Yla—a—z+aP+Y lz—of?
3=l

=il

Y

N|z-¢|?,

where 7 = SNz and ¢ = 32| ¢;/N. The second equality holds for SN (z; — ¢; — z +
e)'(z—¢) =0.
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Thus,

Zzlfb (p/2) ZHzl Az — ug))?

> UvE— b+ (N2 — T — (10)

. _ 1\ N | —
where Az = >0 Ay, U= 5 ), Us.

N P
D = argmin(U(Nz - b) + S|z - Az —ak|})

zEkH) = 0D 4 ARt gk _ AZRY _ gk,
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We investigate the updating rule

ul(k:+1) _ Uék) + All§k+1) B Z§k+1)

(See the unconstrained optimization slide 1 for Jacobian of composite function)

Letz = (2], -+, 2%)" € R™ and I,, be nxn identity matrix and C' = [I,,,--- , I,,] € R**(*N),
Denote h : z € R™™ s Cz € R™ then we can write

I3 2) = 1(C2) = (Lo h)(2)
i=1
Since the Jacobian of h and [ o h are A and J;(h(z))Jy(z),

9l(h(2))

_ T
5. =C0TVICz)
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I, VI(Cz)
C'VIC2) = | : |VI(C2) = :
I, VI(Cz)

Thus, updating z**1 in the ADMM implies that

aLp(Z(k+1))

— _ VZ(CZ(kJrl)) + p(2§k+1) o Aix§k+1) + “z('k)) -0

fore=1,---,N.
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In addition, the dual feasibility of the Lagrangian is defined by

aL(z(k'H))

B = VI(C2*D) 4 T = (C2*+D) 4 D = 0
Zi

(3

Thus,

pu§k+1) _ p(zz(k-&-l) _ A ul(k))

implies the dual feasibility of the Lagrangian. That is, the updating

uz(k+1) _ ugk) n ZZ(kJrl) B Aixz(-kﬂ)
is given by the admm. Note that equally

(k+1) _ (D) | k) _ 5(k+1)

3

U
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Hence, we can get The resulting ADMM algorithm

k+1
Ty

2k+1

uk+1

arg min(ri (z:)) + (p/2) | diwi — Asa — 25 + Az" + u*|[3)

N
argmin(((NZ — b) + Y _(p/2)l|7 — A=""" —u*3)
g=il

k+1  _
uf + Ax — zkHl
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Example 11 (Lasso)

If we separate the lasso problem based on variables,

1 N N
min §|\2Am — b3+ 2 il
i=1 1=1

Then, we can change A;x; = z; for applying to ADMM,

1 X N
min §||Zzi —bl5+ A Nl
i=1 i=1

subject to A;x; — 2z =0 for all
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We can obtain the Scaled Augment Lagrangian form,
1 XN N p p
L(z;, 2i,us) = 5\\2% — b3+ A Nl + g lAizi =z + will3 + §||UH§
i=1 i=1

The resulting ADMM algorithm is the following:

1 = argmin(S| s — Ak — 2+ Ar + ot + Alaill)
_ 1 - kt1
L = (b4 pA K
z N p( + pAx 4 pu”)
W = o AT g
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In the x; updates, we have 2™ =0

if and only if,
AT (Asa® + 25 — Az" —uF)|ly < Ap

when this occurs, the x; updates is fast.
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