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Line and line segment Let z; and x5 be point in R™. Let y = 0z + (1 — 0)zy = 22+ 0(z1 — 22)

for 6 € R. y is a point on the line passing through z; and zs.

For 6 € [0,1] y is a line segment.
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Figure 1: lllustration of a line segment
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Affine set
A set C' C R" is affine if any z1,22 € C and 6 € R, we have 0z; + (1 — 0)zs € C.
Affine combination of points

Let @1, -,z € R". y =377, Oz for 3771, 6 = 1. Then y is called an affine combination

of L1y Ty
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Figure 2: lllustration of an affine set

of Statistics, University of Seoul Convex Optimization Problem | 6/23



An affine set is characterized as a linear subspace plus an offset.

e (' is an affine set and xy € C, then V = C — {xy} is a linear subspace. That is,
C= {l’o} + V.

e Conversely, if V is a linear space, then C' =V + {x(} is an affine set.

proof) see Appendix A.
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Hyperplane is an affine set.
C={zecR":a"z =10}

Suppose that C'is not empty. Let a"zg = b, then C = {z : a" (z—x0) =0} = {z: a2 = 0} +{zo}
—_—

subspace

Department of Statistics, University of Seoul Convex Optimization Problem | 8/23



See the following statement with considering the definition of affine set.

o Let Bp € R™, B € RP and X be n x p matrix. Let y = [y + X3, then the collection of y
for all B consists of an affine space in R”.

o Let C = {z € RP: Ax = b}. If C is not empty, then C is an affine set. Let 2* € C then
Az* = b. Let null(A) = {z € RP : Az = 0} then, null(4) 4+ 2* C C. Conversely,
C — {z*} C null(A). That is, C' = null(A) 4+ {z*} and clearly null(A) is subspace. So, C
is affine set.
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Affine hull

aff(C) = {0zy + -+ Opap 1 21, ak € C 01+ + 0 = 1}
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Figure 3: lllustration of an affine set

Department of Statistics, University of Seoul Convex Optimization Problem | 11/23



Affine combination

Let z1,--- ,2x € R™. For Z?:l 0, =1y = Z?Zlejxj is called an affine combination of

T1,c 0 5 Tge
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Proposition Affine hull is an affine set.

We can prove that any set of all affine combinations of x1,--- ,z is an affine set:

k k
C={y:y= Zijj, WhereZHj =1}
j=1 j=1
is affine set.

Proof) See Appendix B
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Characterization of affine hull

aff(C) is the smallest affine set containing C, in the sense: if S is any affine set with C' C S
then aff(C) C S.

proof) See Appendix C.

Department of Statistics, University of Seoul Convex Optimization Problem | 14 /23



Affine dimension
Relative interior*: relative interior in low dimension

Consider a set C = {(z1,72,23)" € R®: 2?2 + 23 < 1,23 = 0}. Where is an interior in R3? For
all z € C, there is no ball B(z,r) C C, implying no interior point in C'. So, we introduce a new
definition, a relative interior.

relint C = {x € C : B(x,r) Naff C C C for some r > 0}.
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What is the origin of the name ‘relative interior’'?

Let (X, 7) be topological space, where 7 is a family of all open sets of X. Consider A C X then

{oNA:o0¢€7}is also a topology, called the relative topology for the subset A. (A need not be
open)

Since B(z,r) is open, the definition indicates the way to construct the relative topology for the
subset aff(C').
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o Ot set A9| interior, exterior, boundary &

o O A 2 c AO|A ZAI0| z BEZ|Z0| 7Ol A
7155tH, z= interior of A.

o OIF ¥ o ¢ AGIM S40| 2 BERISO| 70l 242 Ball B(x,r)S HOMA B(x,r) C A° 0|

Ball B(z,7)2 OtM B(z,r) C A O]

7}55tH, 2= exterior of A.
o O HOjjA o= B(x,r)% 0L St AN B(xz,r) # ¢, mE It ﬂB(.T,T) 4 ¢% 1
A2 boundary of A.
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Appendix
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Appendix A

(Definition of subspace)

Let V' be vector space. We call S the subspace of V' if

e SCV
e 0cS
o Ifx,y €S, ax+ by € S for scalar a and b.

Example) column space, null space...
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Appendix A

(Proof) Let C' be an affine set and let v1, vy € C. It suffices to prove that V' is subspace: 0 € V

and
Oé(’Ul — IL'()) —+ 6(”02 = CEo) eV
for a, 5 € R. 0 € V is trivial since g € C. In addition, it is clear that

a(vy —xo) + B(va — ) = v + fro + (1 —a — B)zg —z9 €V,

eC by proposition 1

which completes the proof.
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Appendix B

Proposition 1

Any affine combination of points in an affine set is included in the affine set again.

(Proof) Let S be an affine set and choose y1, -+ ,ym € C. It suffices to prove that 337 | a;y; € C for 357" | o = 1. Let
y1,y2 € S and y1 # ya, then B1y1 + B2y € C for 81 + B2 = 1 by definition. Suppose that B1y1 + -+ + Br—1yr—1 € C

for Z;‘;ll B; =1 and y, € C. Since C is affine set,

t(Bryr + -+ Br—1yk—1) + (1 — t)yr € C.

By letting oy = 81, -+ ,ap—1 = tBr—1 and oy = (1 — t), we know that 3 a; = 1. Mathematical induction completes the

proof.
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Appendix B

(proof) Choose arbitrary y,y’ € C and lety = 2?:1 Ojzjandy’ = 27 1 0z where 27 15 =
Z] 105 =1. Then, for a € R

ay+ (1—a)y = Zaﬁx]—f—z )0z

k
Z(aﬁj + (1 — a)b))x;.

j=1

Zle(oﬁk +(1-w)f,) = 0‘2?:1 O + (1 —a) Zle 0;, = a+ (1 — ) = 1, which completes
the proof.
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Appendix C

c}

M

Proposition 1 & O|&3lH Ct=2 220 O]
o 20lo| & 7§ M O|Z3H Affine hullg ST B2 Affine setO| EIC}.
o Of Affine setO] 0|2l Z 1 Q| U A= Affine hullS SHEO{= MZ S0
A e 22l Affine setO] 25 71X 22 QUCt.

Let Cy be an affine set containing y1,- - ,ym and aff(Cy) be affine hull induced by Cy. Then,
aff(Cy) C Cp. Since Cj is the affine set containing yi, -+, Ym, we know that aff(Cp) is the
smallest affine set containing {y1,- -, ym}-
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