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Consider a convex optimization problem with an equality constraint:

min fQ(CL‘1, 1’2)

subject to h(z1,22) =0

Recall that —V fo(x1,x2) is the directional derivative with which fo(z1,22) decreases most
rapidly. Also V fo(x1,x2) is orthogonal to the tangent line at (z1,x2).
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X2

“a

h(x1x2) =0
. -
—Vfo(xi, x3) e
N Vh(xy,x2)
_ V*Vh(xq, x3)
K} 'xl

If (z7,x3) is the optimal point, there exists a scalar v* € R such that
Vfo(@t, x3) + V' Vh(ai,z3) = 0 (1)
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If v* is known,

min  fo(z1,22) + v*h(z1,22),
X1,T2

gives the solution of the constrained problem. Note that VA (z7, 23) is proportional to V fo (27, 3).

Thus, we can apply an unconstrained optimization algorithm to

fo(l?l,xg) + V*h(Il, IQ).
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Optimization problem

e Consider the following optimization problem in the standard form.

min fo(z)
subject to file) <0, i=1,....m (2)

e Denote the domain of optimization problem by

D = ( o dom(£) ) () (s dom(ny)
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Lagrangian

e Define the Largrangian L : D x R™ x R? — R associated with the problem (5):

L(I,A,V):{ _( )+ZZ,L1Af1( )+27 IVJ (.13), for A >0

00, otherwise,

where A = (A1, , Ap) T and v = (v, , 1) .
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Example 1 (Linear programming)

min 1221 + 1622
subject to —x1 — 219 < —40
—X1 — Ty S 30

—21 <0, =22 <0

More generally, we consider
min ¢l

subject to Ax—b<0
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In our example, ¢ = (12,16) T, b = (—40,30,0,0) " and

=l =Z

=il =2
A=

-1 0

0 -1

L(z,\) =c'z+ A" (Az —b).
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Example 2 (Quadratic function)

min  fo(m1,2) = 5(m1 — 27 +2(e2 — 17 + (21— 2)(z2 — )

subject to  fi(z1,w2) 2422 -05<0

The Lagrangian function is given by

1
L(x1,20,)\) = =2 4 222 + 1125 — 321 — 622 + 6 + A(2? + 22 — 0.5)
if A >0.

10/68
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Example 3 (Ridge regression)

Let (y;,2;) € R x RP fori =1,--- ,n be response-predict pairs and Y = (y1,--- ,y,)' and
X = (x1,-- ,3,) " € RWP,

1
min —||Y - Xp]?
2n

subject to IBII> = C <0
178=0
The Lagrangian function is
L(B, A\, v) fHY XBI*+ (1817 =€) +v(7B).

ifA>0
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Lagrange dual function

e Define the Lagrange dual function g : R™ x RP — R

g(Av) = inf L(z,)v)
m P
= inf fol@) + D Xifilx) + > _vihy(@) | - (3)
i=1 j=1

e (\,v) is called dual variable or Lagrange multiplier vector and {(\,v) : A = 0, v € RP} is
called dual feasible set.
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Example 4 (Dual function in Example 1)

Let L(z,\) = c'z + AT (Az - b).

“ATb ifATA4+c=0

% —00 otherwise.

g\) =inf(c+ ATN) Tz —\Tb= {

The Lagrangian dual is finite only when AT X\ 4 ¢ = 0.
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Example 5 (Dual function in Example 2)

The Lagrangian function is given by
L(zy,x A):1m2+2x2+xx —3x; — 62 + Az? + 22 - 0.5)
1,22, 941 2 142 1 2 1 2 D)

For a fixed A L(z1,x2,A) is a quadratic function such that inf,, ., L(z1, 22, \) is easily

computed.
L A
OLen22d) (14 20 2y + 25— 3 =0
(9.7;1
L
OL@Le2 ) (44 93y ap+ a1 — 6= 0
81'2
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Thus,

=il
z1\ (142X 2 3 61/ (427 4+ 10\ + 2)
Ty) 1 4422 6/ \ (12X —3)/(4)\? + 10X + 2)
Since L(z1, %2, A) with A > 0 is strictly convex, the solution is the minimizer of L(x1,x2, \) for
the fixed A.
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By plugging z1 = 6A/(4A? + 10\ + 2) and x5 = (12X — 3)/(4\% + 10\ + 2) into
L o 2 2. 2
L(zy,29,\) = 3%+ 2z5 + 2122 — 321 — 622 + A(z] + x5 — 0.5),

its dual function g is obtained. (note that g is a function of \.)
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Example 6 (Ridge regression)

The Lagrangian function is
1
LBAY) = oIV = XBI+ A (181" - C) + v(17B)
T T T
= EBT <X X +2)\I>ﬂ (X Y ul) 6+LYTY—)\C
2 n n 2n

For a fixed 8 and v, L(3, \,v) is minimized if

T -1 T
6=<XX+2A1> (Xy—m).
n n

—1
If A > 0 then (XTTX + 2)\1) exists.
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(Continue with the example)

Thus, the dual function is given by

1/XTY T/xTx lyxTy
g\ v) = —( —1/1) ( —|—2)\I> ( —1/1>
2 n n n
1
—Ch = —7 Y,
2n

When X " X /n = I, the dual function is simply written. Denote X TY/n by r. Then,

1
g\, v) =— (nv? —2(r" 1) + rTr) —CX+ %YTY

1
(1+2))
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Proposition 1 (convexity of dual function)
The dual function is always concave even when all functions in (5) are nonconvex.

(proof) For convenience of notations, let m = p = 1.
g+ (1 =\ tv + (1 —t)D)

inf ( fo(x) + (t)\ +(1- t)Z\) filx) + (tv + (1 — t)f/)hl(x)>
xT \,—/
=tfo(z)+(1—1) fo(z)

tinf (fo(@) + M1 (e) + vha(2)) + (1 - t) inf (fo(x) (@) + ﬂh@))

tg(\,v) + (1 —t)g(\, D).

v
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Proposition 2 (feasibility)
If x is feasible then fo(x) > L(x, A\, v).

(proof) If x is feasible then f;(z) <0 fori=1,---,m and h;(z) =0 for j =1,---,p. Since
A; > 0 and Vv € R, Azfz(fﬂ) <0 and thj(fﬂ) = 0. Thus,

m

fol@) > fola +Z/\fz )+ Y vihy(a).
j=1
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Proposition 3 (Weak Duality)

The lower bounds on the optimal value p* of the problem (5) is attained by the Lagrange dual
function as

g(\,v) < p* (4)

for any A > 0 and any v.
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(proof)

Let & be an arbitrary feasible point for the (5). Then, f;(Z) < 0 for Vi and h;(Z) = 0 for Vj
such that

m

p
S OXifi(@) + Y vihi(@) <0
i=1 j=1
for A > 0. L(Z, \,v) < fo(Z) implies that
fo(j) > L(ia /\7 V) > Hl%L(I, )‘7 V) = g()‘a V)'
TE
Since g(\, v) does not depend on &, we can conclude that

%Ielg fO('f) 2 g()\a V)a
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Interpretation
e Consider the following optimization problem in the standard form.

min Jfo(z)

subject to filz) <0, i=1,...,m (5)

e Unconstrained form:

m

min  fo(z) + Y I (fi(x) + > To(h;(x))
i=1

i=1

where I_(u) = 0 if u < 0 and oo otherwise and Iy(u) = 0 if w = 0 and co otherwise.
Thus, A; fi(x) and v;h;(x) are linear approximation of I_(f;(x)) and Iy(h;(x)).
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Conjugate function

Recall that the conjugate f* of a function f : R"™ — R is given by

fflyy= sup y'z—f(z)
zedom(f)

(See slide 2 of the convex function)
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Proposition 4 (Dual function)

Consider an optimization problem,

min  fo(2)
subject to Ax <b
Cr=d

Then, the dual function is
g\v)==b"A—d'v— fi(-ATA-CTv)

proof) See p221.
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Example 7 (Equality constrained norm minimization)

min ]|
subject to Ax = b,
where || - || is any norm. Then,

—bTv if|[ATy|. <1

=—bv— fo(—ATv) =
9(w) v = fol ) —00 otherwise.
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(Continue with the example)

Definition 8 (Dual norm)

Let x € X =R" and || - || be a norm of R™. Let L : X +— R be a linear functional. Denote a
collection of all Ls by X*. Dual norm is defined by

1Ll =) {ILa] : |lz]l < 1,2 € X}

Consider the Euclidean norm on X. Let a linear functional indexed by y € X be
Ly:z2e X y'x.

Then the dual norm of y (actually a linear function L,, ) is define by ||y = sup{y "z : ||z|| < 1}.
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Proposition 5 (Conjugate function of norm)

The conjugate function of f(x) = ||z|| is

f*(y):{ 0 lyll. <1

o0 otherwise

Suppose that [|y||« > 1. Then there exists z such that y"z > 1 and ||z|| < 1. Let = tz for
t > 0 then

)2y ezl =ty 2z~ |z]) > coas t — oo.

If [lyll. < 1 then yTa < [lz[llyll« < llz]l. Thatis, y "= — [|z[| < 0. Then f*(y) = 0.
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(proof of example) By Proposition 4,

-bTv ATy <1

=—bv—fX(-ATv) =
9(v) v fol V) —00 otherwise
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Lagrangian dual problem

e Define the Lagrange dual problem associated with the problem (5)

max  g(\,v)
subjectto A >0 (6)

e (6) is convex optimization problem although the primal problem (5) is not convex.

e Denote dual optimal or optimal Lagrange multipliers by (\*,v*).
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Definition 9 (Duality Gap)
e Let the optimal value of the Lagrange dual problem (6) be d*
e By (4), it is known that

d* <p*. (7)

e The optimal duality gap (p* — d*) is always nonnegative.
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Strong duality

e Suppose that there exist * and (\*,v*) such that
fo(z®) = g(A",v7). (8)

e For any (\,v), g(A,v) is lower bound of the primal optimal value. That is, the equality
means that f(x*) achieves the primal optimal value and z™ is primal solution.
e In the view of the dual function g(\,v) the f(z) is the upper bound of the function. Hence,
(A\*,v") is a dual solution.
e In conclusion, the solution satisfying (8) implies that they are primal and dual optimal
solution.
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Definition 10 (Strong duality)

If duality gap is zero, the we call this condition the strong duality.

e The strong duality is crucial condition under which the primal problem could be solved by

the dual problem. (Note that the dual problem sometimes is easier to solve that the primal
problem.)

e Hence, the sufficient conditions for the strong duality is very useful.
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Theorem 11 (Strong duality under Slater’s condition)

Assume that f;(x) fori=1,--- ,m are convex and h;(z) for j =1,--- ,p are linear. Let A be
p X nmatrix corresponding to coefficients of hj(x)’s. If the rank of A is p and there exists an x
such that

f’i(I)<Ovi:17"'am7 hj(x)zoajzlavpa

then strong duality holds.

proof) See the appendix.
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Example 12 (Linear programming: standard form)

min ¢z

subject to Axr=b
z =0

The Lagrangian is
L, \v)=c'z - ATz +v (Az - b).
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Lz \v)=(c-A+ATv)z—b"v

If c— A+ ATv =0 then inf, L = —b"v. Thus, g(\,v) = —v"b. If the problem has a feasible
solution, the strong duality holds by Slater's condition. The dual problem is written by

max by
subject to ATvtce=)

A= 0.
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Reparametrization y = —v leads to

max by
subject to ATy+r=c
A= 0.
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Example 13 (Linear programming: profit maximization)

max c'z (profit)
subject to Az —b <0 (resource constraints)

=0 (nonnegative production)

An equivalent problem is min —c '

x with the same constraints. The Lagrangian is given by
Lz, A, ) = —c' o+ A (Az —b) — A\J z

for )\1 iOand )\2 EO
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Its dual function is given by

—bT>\1 if AT)\l —)\2 —c=0

A1, Ag) =
901, A2) —00 otherwise

Thus, the dual problem is written by

max —bT)\l
subject to ATN =X =c

A =0

Ao =0
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Equivalently, the dual problem is written by

min b\
subject to AT = ¢
A = 0.

(See the example of a dual problem in the textbook of the Management of science.)
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Theorem 14 (Nonconvex quadratic problem with strong duality)

min 2T Az + 20"z

subject to rlr<l1

where A € 8™ and A % 0, and b € R™. This problem has a dual problem with no-gap dual
optimality:

max Z /(i +A) — A
SUbjeCt to A Z _/\min (A)7

where \; and q; are eigenvalues and corresponding eigenvectors of A.
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Geometric interpretation

Consider a standard form of convex optimization.

= {(fl(x)a e 7fm(x)a hl(w)a U 7hp($),f()($)) € R™ x RP x R}
The optimal value is given by
=inf{t: (u,v,t) € G,u <0,h = 0}.
Lagrangian function is written by the terms of dual variables and (u,v,t) € G
N\ v, D) T (u,v,t) Z)\ul—l—Zl/jvj—l—t

where (u,v,t) € G
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Dual function is
g\ v) =inf{(\,v,1)T (u,v,t) : (u,v,t) € G}
Thus, for (u,v,t) € G
N, )T (u,v,t) > g\, v).

Here, the inequality can be viewed as the supporting hyperplane for G (a2 > b for Vo € C).
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Suppose that A = 0. If w < 0 and v = 0 then t > (\,v,1) " (u, v, 1). Therefore,

p* = inf{t: (u,v,t) € G,u <0,0 =0}

inf{(\, v, 1) " (u,v,t) : (u,v,t) € G,u <0,v =0}
inf{(\,v,1) " (u,v,t) : (u,v,t) € G}

g\, v)

AVARAY
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—_For ssme T

t= £ (-f.oc), f.,ur.))

M+t = 9™
(%7/0)

= _o\ua(?\)

Figure 1: Geometric interpretation of dual function
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:\;u'\‘k =3(')\=-)

Figure 2: Geometric interpretation of dual gab
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Let A = {(u,v,¢t) : Jz € D, fi(x) < wyi = 1,--+ ;m,hi(z) = v;,0 = 1,-- ,p, folx) < t}
Then, p* = inf{t: (0,0,t) € A}

For A = 0,
g\ v) =inf{(\,v,1)" (u,v,t) : (u,v,t) € A},

because (\,v, 1) T (u,v,t) is affine function.
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= 9™

(0, 3(»)/‘

Figure 3: Shaded region denotes A
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For (u,v,t) € A,
v )T (u,0,1) > g(A,v)
Since (0,0,p*) € bd(A), we have p* = (\,1,1)7(0,0,p*) > g(\,v). (weak duality) If there

exists (A", v*, 1) such that p* = (\*,v*,1)7(0,0, p*) = g(\*,v*) then the strong duality holds.
(the existence of a nonvertical support hyperplane to A and its boundary point (0,0, p*)
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Figure 4: Strong duality
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KKT optimality conditions
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Sufficiency

e Assume that the functions fo,..., fm, h1,..., h, are differentiable. f;s are convex and hj s

are affine.
e KKT conditions

h](x*) =Y, J =4 ap
AF >0, i=1,...,m
Ajfl(x*)zoa =1, , M

Vfo(x +Z>\ Vi@ +Zth =0,

e For convex optimization problem, if there exists z* and (\*,v*) satisfying the KKT
condition, then x* and (A\*,*) are primal and dual optimal solution, respectively.
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Sufficiency

proof)

n P
fola®) = fola®) + Y Affile®) + Y vihj(a®) = g\, v7)
i=1 j=1
Since L(z,\*,v*) = fo(z) + Y0y Af fi(z) + Zj 1 Vihj(x) is convex function of z, z* is the
minimizer of L(x, \*,v*) and

fo(x®) = L(x", \*,v*) = inf L(z,\*,v") = g(\",v").

z€D

That is, the proof is completed by (8).
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Necessity

Assume that the strong duality holds. If «* and (\*,v*) are primal and dual solution of (5).
Then these solutions satisfy the KKT conditions.

proof)

m

= inf |/ +ZA*L Z hj(@)

j=1
< ) Z A fila®) + Z vih;(x
SO =0

IN

fo(z™)
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Necessity

From the above inequality we know that

zE€D

m p
)+ Z)\ffz(x*) + Zu;hj(:p* = inf L(z, \*,v").
i=1 j=1
That is, * is a minimizer of L(z, \*,v*) such that

V fo(x +Z/\ Vi@ +Zu Vh;(
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KKT conditions

e Primal feasibility: fi(z*) <0, i=1,...,m, hj(z*)=0,j=1,...,p.
e Dual feasibility: A\Y > 0,7 =1,...,m.
e Complementary slackness : \f fi(z*) =0,i=1,...,m.

e Stationarity: V fo(z*) + 3212 AfV fi(a*) + 320_, viVh;(z*) = 0,
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KKT conditions

e If we find the (z*, \*, v*) satisfying the KKT conditions, then they are the primal and
dual optimal solutions by sufficiency.

e If the Slater’s condition holds, the optimal solutions necessarily satisfy the KKT
conditions. However, without the strong duality, the optimal solutions may not satisfies
the KKT conditions.

Department of Statistics, University of Seoul KKT condition and optimality 57 /68



Example 15 (quadratic optimization)
e Consider the convex problem
1
min f(z) = ia:TPaH—qTx—i-r
subject to Ax =10

where P € S, A € RP*™ (ST : positive semidefinite n x n matrices)
e The Lagrangian is
1
L(z,v) = izTPx +q'z+r+v(Az —b)
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e The KKT conditions:
Ax™ = b, Pr* +q+ ATv* =0,

where x* is the primal optimal and v is the dual optimal solution.

e The equation

P AT x* —q
A 0 v* b

is called the KKT system. By solving the equation, we can obtain the primal and dual
solutions.
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Appendix
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(proof of strong duality under Slater’s condition)

e Let b € R™ be constant vector in h;(x)s.
e Let p* be primal optimal value, u = (u1,- -+ ,up,) and v = (vy, -+ ,vp).

e Define two subgraphs (epigraphs) as

A

U{(u,v,t) cug > fi(x),i=1,...,m,

zeD
Uj :hj(x)v.] = 17"'7p7t2 fO(I)}
B = {(0,0,t) e R™" xR xR |t<p'}
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Figure 5: Regions of A and B
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e It can be shown that both A and B are convex and AN B is empty (see p 235.)
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e Because AN B is empty, there is a nonzero vector (\, v, u) € R™ x R? x R and a € R
such that

MNu4v'v+put>afor (u,v,t)e A (9)
Mu+v'v+put <afor (u,v,t) €B (10)

by the separating hyperplane theorem. (see p 45)
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e Since u and ¢ is unbounded above, A > 0 and p > 0 by (9). In addition, because ut < «
for all t < p* in (10), up* < a. Choose an arbitrary 2 € D and let

u=(fi(x), -, fm@)", v=(hi(z), - ,hp(x))T and t = fo(x) then, (u,v,t) € A

which implies
> Aifi(z +Zv7 @) + pfo(w) = o > pp”.
i=1
e That is, the (A, v, 1) obtained by separating hyperplane theorem satisfies
> ifila +ZVJ z) + pfo(x) = pp™.
i=1

for all z € D
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e First assume that p > 0 then x € D

Note that the left hand side is Lagrangian L(z, A/, v/ )

e Minimizing over 2z € D leads to g(\/u,v/u) > p* such that g(\/p, v/un) = p* by weak
duality.
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e Assume that ;= 0, we can obtain for all z € D
> Xifi(x) + v (Az —b) > 0. (11)
i=1

Let & be a feasible point satisfying the Slater’s condition, then we have Y " | \; f;(Z) > 0.
Since f;(Z) < 0 and A > 0, we know that A = 0.
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e From (\,v,u) #0, A =0 and p = 0, it is known that v # 0 and v (Az — b) > 0 for all
x € D from (11). However, the 7 also satisfies v (AZ — b) = 0, since & € relint D.
However, there exists a point 2 € D such that v (Az — b) < 0 unless ATv = 0. This is
contradiction of our assumption that rank A = p. That is, = 0 is impossible.
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