2K}
SA=L| AlZf=)

OI'

CHet i SAHICIOIE A0 &1 Atat

0})1 ruio
J

A&
=

A
H



<l
Tk

)AL HIE

Sk=
2=

HE (

S Gl0|Ey. B3t 27t B40L0F countable.

2k
HA

AFXO]
L ~1 L=

Cl|O[E]: O]

=TT

100
K
$0

I, P(A) = 10| &

 —
=
Ct.

2

=

=
H=
L=

EHT X0 T P(X =x) >0 @lx ER

st
2

level O|2f EE

L2XSS

=

221 A9

Ha vl

M|

X

ﬁ



Jtot

+ SO A, B, 0, AB 2 0[] 2} (4742 level 312 21XID S)
+ Xjols 1,2,3,4 0f 2 Ty Gl0JE] 32 THS
X(A) =1,X(B) =2,X(AB) =3,X(0) =4
2T
.+ 2lail HO|E{2 HEEEL P((4)) = 0.4, P((B)) = 03, P({AB)) = 0.2, P({0}) = 0.1 2} 51X}
« P(X=1),..

* px(x) = P(X = x) 2 GOl py(x) = X 2 HEZE YHE BF HAY = US.
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import matplotlib.pyplot as plt low 1
import numpy as np

# %%

# x%, height, width

X = np.array([1.0, 2.0, 4.0])

plt.bar(range(len(x)), x, width = 0.5, bottom= 0)
plt.xticks(range(len(x)) , ['A', 'B', 'C'])
plt.yticks(np.array([0.5,2,41) , ['low', 'mid', 'low'l)

plt.ylim((0.3)) fow 1

mid
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MTCARS dataset

import pandas as pd
import matplotlib.pyplot as plt
# mtcars H|O|EHA 2E
url =
"https://raw.githubusercontent.com/mwaskom/seabor
n—-data/master/mpg.csv"
df = pd.read_csv(url)
freq_counts = df['cylinders'].value_counts()

= freq_counts.values
plt.bar(range(len(x)), x, width = 0.5, bottom= 0)
plt.xticks(range(len(x)), freq_counts.index)
plt.show()
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import numpy as np

import matplotlib.pyplot as plt

from scipy.stats import norm, chi2

plt.
.x1im((-8,8))
.xlabel('x : support')

plt
plt

plt.
plt.

np.linspace(-8, 8, 100)
0, scale = 1)

norm.pdf(x, loc

plot(x,y, alpha = 0.7)

ylabel('f(x) : density')

show()



np.random.seed(1)
X = np.random.normal(0, 1, 1000)
plt.hist(x,bins=20, density=True)
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Blz O)M)aBQZ{M7M>"”)BM—1:|: M ' M )aBM:[ M a1:|

number of observations within B, o 1 M =
n length of the bin  n 4
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2f 2f 22t p(x) 2 0IE8{0l #5

AETMSES o (x) = LT}

sup [P (2) ~ p(2)] = O (

M
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20| AU ESt~E LSk

aoOT =2 — -

) o (25)



ZOfFl HO|E|ZEE 38 UE SHAS H@AHOR

K: Hget

40| A|2}3}

, (>0 bandwidth parameter
. [K(z)dz =1
2. K(z)>0@#Ig
3. [zK(z)dz =




S0

0L0 S00

uorouny AysuaqQ

-2

D

lv' 0

@

T Ll T T
GL'0 0L'0 G0'0 000

uonouny AysuaQ



ASHELELL O|AETTH,

o|AEHIN HBBE =2  H|w

from scipy.stats import gaussian_kde
kde = gaussian_kde(x)
x_vals = np.linspace(min(x)-1, max(x)+1, 1000) # ZH7I& x U=

y_vals = kde(x_vals)

# o= A|Zs)

plt.figure(figsize=(8, 5))

plt.hist(x, bins=30, density=True, alpha=0.3, color="'gray', label='Histogram')
plt.plot(x_vals, y_vals, color='blue', label='KDE (gaussian_kde)")
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|-I:I=| FXl—EO‘ *‘7 |'9|-

mean = [0, 0] # T HIE
cov = [[1, 0.5], [0.5, 1]] # 324 Hz2

L

=
data = np.random.multivariate_normal(mean, cov,

size=500)
x = datal:,0]
y = datal:, 1]

kde = gaussian_kde(data.T)

x_vals = np.linspace(min(x)-1, max(x)+1, 100)
y_vals = np.linspace(min(y)-1, max(y)+1, 100)
X, Y = np.meshgrid(x_vals, y_vals)

z_vals = kde(np.vstack([X.ravel(),
Y.ravel()])).reshape(X.shape)

# 2= A|Zt3}

plt.figure(figsize=(8, 6))

plt.pcolormesh(X, Y, z_vals, shading='auto',

cmap="'Blues")
plt.colorbar(label='Density")

plt.contour(X, Y, z_vals, colors='black',

# o::>—|—A|_-| 2'(_7|-

linewidths=1)

plt.scatter(x, y, s=5, color='black', alpha=0.5,

label='Data Points"')
plt.xlabel('X")
plt.ylabel('Y")

plt.title('2D Kernel Density Estimation (KDE) -

Multivariate Normal')
plt.legend()
plt.show()
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import pandas as pd

import matplotlib.pyplot as plt

# mtcars HOHM EE

url =
"https://raw.githubusercontent.com/mwaskom/seaborn-
data/master/mpg.csv"

df = pd.read_csv(url)

freq_df = df[['cylinders’,
'origin']l].groupby(['cylinders",
'origin'l).size().unstack(fill_value=0)
Y = np.array(freq_df)

X = np.arange(3)

fig, ax = plt.subplots(figsize = (10,5))

= Y[o,
=Y[4,:]
w=0.2
fig, ax =
ax.bar(x,
ax.bar(x,
ax.bar(x,
ax.bar(x,

ax.bar(x,

:1; h2

plt.
hl,
h2,
h3,
h4,
h5,

='lightblue"')
ax.set_xticks(x, freq_df.columns.values)

= YI[1,

subplots(figsize

:1; h3

=Y[2,:]; h4

(10,5))

width=w, color ='green')

width=w,
width=w,
width=w,

width=w,

bottom
bottom
bottom
bottom

hl, color ='gray"')
h1l+h2, color ='ora
h1+h2+h3, color ="'
h1l+h2+h3+h4, color

Y[3,:1;

nge')
pink')
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import numpy as np # ggplot2Z Stacked Bar Chart 2|7

import pandas as pd p = (

from plotnine import ggplot, aes, geom_bar, ggplot(freq_df, aes(x='origin', y='counts',
theme_minimal, scale_fill_brewer fill="'cylinders')) +

geom_bar(stat="'identity') +
theme_minimal()
freq_df = df[['cylinders', )

# OOy 49

'origin']l.groupby(['cylinders', 'origin'l).size()
freq_df = freq_df.reset_index() print(p)
freq_df.rename(columns={0: 'counts'}, inplace = True)
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wzsixtzol Zetie
freq_df = df[['cylinders’, # ggplot2Z Stacked Bar Chart 2|7

'origin']l.groupby(['cylinders', 'origin'l).size() p = (
# Convert counts to relative frequencies within each ggplot(freq_df, aes(x='origin', y='relative_frequency',

'origin' group fill='cylinders')) +

freq_df = freq_df.groupby(level='origin').apply(lambda geom_bar(stat='identity') +

X: X / x.sum()) theme_minimal() +

freq_df = freq_df.reset_index(name='relative_frequency'}kcale_fill_brewer(type='qual', palette='Setl')
freq_df['cylinders'] = )

freq_df['cylinders'].astype('category’)
print(p)
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MTCARS Li|O]E{

- SIARX|H Xp2fo| QiH| 2Ol H|w

—

from plotnine import ggplot, aes, geom_histogram, labs(title='Distribution of Fuel Efficiency by Origin',
facet_wrap, theme_minimal, labs x='Miles per Gallon (mpg)"',
import pandas as pd y="Frequency"')

)
# Create faceted histograms for each 'origin’
p = ( print(p)
ggplot(df, aes(x='mpg', fill='origin')) +
geom_histogram(bins=20, alpha=0.7, color='black') +
facet_wrap('~origin') +
theme_minimal() +



A= 22| Hlw

MTCARS |:-||0 | E-| Distribution of Fuel Efficiency by Origin
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MTCARS G|0|E{

- SIARX|H Xp2fo| QiH| 2Ol H|w

—

p=(
ggplot(df, aes(x='mpg',fill='origin')) + print(p)
geom_histogram(aes(y = '..density..'), bins=20,

alpha=0.7, color='black') +

facet_wrap('~origin') +

theme_minimal() +

labs(title='Distribution of Fuel Efficiency by Origin',
x='Miles per Gallon (mpg)',

y='Frequency"')

)
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MTCARS LC|O[E]
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scatter plots by Origin

from plotnine import geom_point, theme
p = (

europe japan

ggplot(df, aes(x='weight', color='origin')) + . B

geom_point(aes(y = 'mpg')) +

facet_wrap('~origin') + ; IE

theme_minimal() + g :;:-

theme(figure_size=(12, 6)) + . -

labs(title="'scatter plots by Origin',

x='weight', .,

y="mpg"') w0 we wo o mm o wo oo

weight

)
print(p)

origin

o europe
japan



15X SHE2T (empirical cdf)

from
statsmodels.distributions.empirical_distribution
import ECDF

x = df['mpg'].to_numpy()

# ECDF &E 0|8¢t ddH =HEESds A3t

ecdf = ECDF(x)

plt.plot(ecdf.x, ecdf.y, label='epdf2')
plt.xlabel('x")

plt.ylabel('cumulative probability"')
plt.title('ecdf of random sample with method 2')
plt.legend()

plt.show()

cumulative probability

ecdf of random sample with method 2
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Kolmogorov-Smirnov test

- 2n2tol H2|E M= EAZ E, 8 empirical cdf, FE cdf

[ 2 & =22 HE|E Cha1t Z0] g2

r

D = sgp \F, () — F(z)

- dE8SAE: HFPHE2 A=0t 2 FE THELE 22{H no
= [ \/Y_ISUP |Fo(x) — F(x)| = EEe IS DK 1 IiH
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Kolmogorov-Smirnov test

. 2x3te

| H2 P} 2FK|= 21Xl o|n|= FRDF?

2k XpA 21240] XO[SHY BB F(x) = P(X <%),G(x) = P(Y <x) 10
=1)0] ZTHH @E x0fl M F(x) — G (x) = 0 .

HA = d

sup |F(x) — G(x)| = F cdf 2| g{2| Xt0|2] Z[CHZt= LIEIH

x|-)krj|-7=lo| I=IE( |-7=| ]1|-|
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Cramer-von Mises

- =X2e| AHe|E M= BHE Y

—

« C=[(F(x) - F(x))zf(x)dx
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=E9| He
- Hellinger Distance

+ £ 7Hel pdf £, g 7t 01X S

« h(f,9)? = [(Jf(x) —Jgx))?*dx

- KL divergence of f from g

+ KL(fIlg) = [ log? 3 f(x)dx

« [OIA]] & HH=2E2| KL-divergence & RHEA|2



A= 2o Hlu

=29| A
- KL divergence of f from g
* KL(fllg) = 0
« KL(f|lg) =0 ifandonlyif f = g
* KL(fllg) # KL(gllf)

« (FD) {x:f(x) >0,g(x) =0} 2 F22t0| ASM™M, KL(f|lg) = o
F 229 support 2t CIHEM 222 &4 f’SE% Heforst=0 2512 4

-> Wasserstein Distance 7} F2Ht2
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- d(fy, faata) : PSeudo distance of fg andc
* fo: SHERY, frarq: CIO[EIS] 2 (0]0|X| Z2 HIAE)
* d(fo, faate) E FELTZ2 510 0|8 Z0|= YH2= 9 E HENSH=Z -> 0| H 2 Z H|O|E{S| A2}
S 2EQ f,5 2
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