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Lecture 5: Empirical Process

May, 11, 2026
Lecturer: Jong-June Jeon Scribe: Jong-June Jeon
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HEZ Empirical process?t CHEZX Q! Of|O[Ct. AHZ|M = "HA Bzl efa"et "LIS0| E7tel ef+"2t
HFol gin, =AM tidl ef== AtO[2] “ThIt=2"0| SQEHEIC,

rr

1.2 7 R |7 2Hde| Exliet ExItsd
SEIYR thad| 2 X7 EXsts HOR BUK| eCh 22ls MA B (X} S St
IRt HEHSZ M2BICE 7+T01ﬂ% M w — (Xy(w))er2hs B2 (path)7t BHEO{ZTICE

o
Kolmogorov extension theoreme finite-dimensional distributionO| 2tz FO{X|H @lo|of QI
A g 7ol HSiM T SEIPY S T8 > JUASS BEFSICL SHX[2H 0] Fe2l= BX| "o 2HYOo|

A O
EXscy = A2 HE &, 3 Y0l E2 JEE 7IILE AS AS22 HESH|= $=t
oE S0 Ci3nt 22 2ES0| g=rt

Olg 2MSS tHE7| flsiM= ¢ i' Het 77} Bt Teto] ofLEt fI&& xS 710 St
QEA TB|0ll £3| metric 7&7F ALH TINHRITICY = 7HEO| 47|10, ALH0|Lt F5HE Felg
= UCLEESH separability 7t Q2 7Ht dense subset2 Soll F=7tsd 2XI7F #X Ehe=si ZICH O]

C
71 XIAAE A SESh= 3240| Polish spaceO|Lt.

1.3 Polish Space2| 2%t

Polish spaceZt separabledt™ completedt metric spaceE Z8tCt &4 R

Ct Polish 3710| SRE 0|R= Ci=1t &L
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ENYo| QlHlA Z7H2 M4F0| OtL|H2tE Polish metric spaceO|™ S&5t
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1.4 Empirical ProcessOf|A&{2] &H&

Empirical processOllA= QIEIAT} A[ZHO| OFL[2} &b~ 22 AO|CE EE X, ..., X,,0] TS m,
At empirical process= ¥AM RE|= P,myE empirical process 2t11 SXX|T HE2 G, (0) =
Vn(P, — P)my 2 F2|=|11, Ol= g0 2|5l A=A EICE 1 0| R= empirical process?t &% EHX|
7| MM FetEEIF EXSHE YEIZ THST| 0|0} index £ nHEFSW HEH 3= ZE

AEOllM HZ0l 00|11 HHR3 &ol| /n = &S50 A|HE 1F5IRIE W] Fot 22 +HSI==F O
SOHANRUCEL Pomel WS 022 UFE1 05 HH SIRIE I 22,8 = AR /nS StHeel
G (0) = /n(P,— P)my= empirical process= H2[s5tHM 7|Z0]| 22|7} 25l E Wiener Process
o R EXIE WE = US AO|Ct. matM dEH 2ENER2

{G.(0): 6 € O}

M 37t ol "o It

SHH AYM =8 IS Holste X E3ZH0| A7t ot DHEZ] Z7H0] EE 518 & = UCHH,
X|ZSZH0| CiR 4= St e gl 0{7|M 328 A2 =AM7t otL[2l. 526 A2 HEE
3 49| Jeong?| El HAS 7H2| metric XO|CE O|E S0 CHEXNCE 37t F [0l L2(P)
HEIE Falstl d(f,g) = /P(f — 9)?& H2lgt metric S X|ESUE &F 7tsdE 4z
o == QUCHO|R ZR0= dEA grgngm

2 Mo|E Ao|Ct X|E 372 EHE Sall FE2H 2| &4, tightness, entropy £ S2 =0
=

1.5 3

AMAGONM HeH0| ZLAME O|fe =M FXRE Solf Al7re] Wakds Ee o+ UYL, Eoh 2t

H|A 1} separabilityS %5H S7tsd1 8 0|22 M &= JAU7| WZ0ICt SHEX|2E empirical

processME &=AM7} HRotX| 22 0= AZIEE |XIE 0|)7t giCt o|mf &1t 0|22 4
2Z0| OtL|2t LBl Polish metric space |2 SHEE|H, A2 QIEIA Z7to| J[otstA SXIEQ}

metric £ 27} =IC}H
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A C7t et EES = {xl, :L‘n}o BEEER AE ”plck out”HCH

8 ot

Mmoo
_o'h

$0 =

¢ 1<a<3Ad20: a=2), (—0,2]N{1,3,5} = {1}. CE C = (—0,1] € CE {1}2
pick-out SHCF.

« {1,3}2 pick out & & QiCk

Se| 2SS T CE pick-out & 5= = 2SS CH31 20| E7|sHCE

rr

cnsS:={Cns:CecC}

HEe| 37|18 AC(S) = |cn S|2t =Xt 047 ¢ 1ot |S| = n@l CHASH SE YZIsi XL,
7} H|O|E SE Ot CHASHA =2 4 QI=XIE Ho{ELE e Z2hA m(n)E Col ‘&g

2
Olec A
2X 2% (Combinatorial Complexity) & S™5t= S E M|},

a

m-(n) = ,%}i’,iAC(S)

m€(n) < 2"

Definition 2.2 (VC dimension). O{% &= m0| ZXH5t01, 2717t mel 11 OfH HF = C7F shatterst
2= 9iCHH 13 HE VC dimension of CE2F 211 V(C)2t1 E7|SHCF.

Definition 2.3 (VC class). V(C) < co@l C& VC-class2t1l BtCt.

V(C) = 50._| C% MZEsERE J2{H 22| || < 5 o ZEH tisiE AC(S) = 2191 91 sg &g
X|2t|S| = 521 st SOf| T3 M = AC(S) = 2181 BHEERA|F|X| s

Sot et Eolls=el 46tE H0oJELE O Sauer's Lemmas VC

|=&Mo2 ZIISICL A2 Chatete2 37tetE Ho{ELL



Theorem 2.4 (Sauer's Lemma). V(C) = k O[2tH, 2= n > k0f| Clis CtZ0| RIS

<)) ()

Sauer's Lemmat= mC(n)0| nOl| CHal| XM Z2 FISICHL, EF K™ (VC-index)S HOIMH CHet
Mpolynomial) +ELE 7t £7t 2435| BO{ZICH= AS B0{ELCY

Cl <

"HHHO| ZI™MAO|X| 42

rr

| < 00 @ 2 ULLN -> |C| O] 25t21 ZL0|| ULLNS ZYst= &H0| =HH o4

V(C) = k 2l A0l ULLNO| O{g#| 7ts85t7 r
Zete| =7t setstitH, ZF 2k ol Chsl d&ishe tha2| HA(LLN)2 T3] Union Bound2
= = ULk

P (sup1PuC) — PO)| > €) < X PURC) - P(C) >
cec &=
SEX|ZH 2| Alo| || Rt2|0f| 007t E0{7H= AR Union BoundE &2 4= QICH JHHE SR = 4-35HX[Tt
uniformly =@ $tCtn Zhet 274{7F QiCt

SHX|2H RE= A Fo| EME 0|&¢l 0|Z siASt Xt STt T
O|Z {8l SymmetrizationS AL} @2 ME S, 2t SEIXQI ghost sample S/ 2 = 25HH

P(sup |P,(C) — P(C)| > e) < 2P<sgp |Po(C) — Fo(C)] > 2)

A5t A= HE O MEEE {X,..., X, B H AES )

1o
ot

e

FME S, S S BE HEE S, = {21, .., 72, 02 R I, | = FE A, B € C7t S,,,0ll CHak
Set RN S It JFgs 2Rt

AﬂSgn:BﬂSQn

Of &EH2H, S,, 0 Fet

[

o ® 2,0l HEHME I(z; € A) = I(z; € B)7+ MBS



Al

A ~2 FHe

rol
o

C 2l Ct32t 22 SX|
A~ B < AQSQn:BﬂSQn

X, S WS A B € C7F ABE ME 5,0 ‘SUs HES TaHE of SAZ Lt 0] BT HHALY

(reflexivity), CHE M (symmetry), 0|4 (transitivity) S PHEEH2 XIHSI2 2, ~2 C 212| SX| ZHALCY.
I.

o
O] SX| 2tA|0l| 25t ZEEH(quotient set)S C/~0[2t 5HH, ZF SX[F(equivalence class) [C]=

[C]:{AECSAHSQRZCQSQH}

1, C7t So, RIOIM FHE £ A= MEZ COE 22| == F2l0l| 25 m(2n)0I5H0[2E,

O[H| 2 S*% |'|$r0'”k| CHE EgHS oL MEYSIO] O, Os, . .., OnOl2F SkAE Supremum CHE2} 20|

O
{6kt Maximum2 2 HHALCY,

sup | P,(C) — P,(C)] = max [P,(C;) — P,(C5)|
cec j=1,...,.N

ol

of »Retet e =9 ZAP7L LM, SHete| 71 ZEet =712 Union BoundE & == U7

r

P mas 1P(C) - PUC > ) < m(2n) - max P (R(C) = PG > 0

2.1 VC function Class

Subgraph (59| J2m) Holgts f: ¥ — RO BEEE £H517| 9I8l, Pollard= 0| &< of2HQ]
Hoig zEtoz Folst}.

Definition 2.5. &= 2| subgraph= CIS1F 20| H2kl= X x R 37t E2EF0|CH
SG(f)={(z,t) e ¥ xR:0<t < f(z)or f(x) <t <0}

Definition 2.6 (VC-subgraph Class). g S22fA FO| S = 1 g+E52 subgraphS0| O|F =
e 2UMA Coe = {SG(f) : f € Frol SHEE FMo|ElC}. et ng7f VC-index k& 7HX|=



Visualization of Subgraph SG(f) for f(x) = sin(x)

1.00 1 PRt Ve SG(f) (Subgraph)
/’ \\ / \\ == t=f(x) (Boundary)
\ / —— =
0.75 7 X y %\ t=0 (Boundary)
/ \ / \
1 \ / \
7 \ ! \
0.50 1 / \ / \
! \ 1 0 <t<f(x) \
h \ Il \
\
0.25 A \ h b
] \ ! \
1 \ ! \
& 0.00f==dmmm e \ e g — —‘\— ————————————————— r---
\ 1 1 !
\ ! [ II
~0.25 1 ¥ i v h
\ fw<t<o [/ \ 4
I
-0.50 3 3 \ ;
\ / \ !/
\ / \ II
-0.75 3 - \ ,
\ ’ N ’
\ / N //
~1.00 b S
-2n - 0 n 2n

VC-classet™, gt 22llA FE VC-subgraph classetl £ELC}

Definition 2.7 (Pick out in Functions). &2|2| 0|l 2t#¥(Indicator) Z8 (by,...,b,) € {0,1}"0ll
CHStoY, CHE RS BtESh= & f € FIL &4 EMsHH, & ZaiA F= & &E P2 Pick
out(!E= Shatter)’ StCH H[SHCY.

Vie{1,....n}, 1((zit;) € SG(f)) = b

Pick out in Functions 2| 7HE2 n7H2| C[O|H] ZQIE »,, ... =, 2 22| %} ¢,,...,t,0] FHAZ
i, 72| gt+=0| 0| (2, ;) HES L0} XS Haléa U=7tE FHs5h= Ao|Ch
((zi,t;),b;) fori = 1,---  n O] FO{X QUCt otXL Ol= g SeA FIF THEA[FHOF & n7fe|
"H|2f Z=74(Constraints)’ E._E "SI I{E(Target Pattern)' S 2[0[SICE ¢,2] 250 M2} O] 27ARYE2
Ct2ot Zo| LH+0] dHet 4= Qlot

« (t; < 09 Z2) YAIZt Subgraph| HOI4 &H4:2| ZH0| HIEA| S4:0TN ¢, ECt T Zf0}of
(a:,1:)7F SG(f) Y ool mEHE 4 QUCk 5, b, = 1 zi) < t; < 0 Ol JE3HOL
Sk, B2 b, = 0 21 82 f(x;) > t; 7+ EE



O|E 8ol M b, = 1 2| 2|0|& (y,t;) OIM sign(f(x;)) = sign(t;) OIHAM |t;] < |f(x)|E T
Eote fo| EMME 2Jo|gtct ZEsSHH Pick out in Functions 2 F7+ F0{Z! GO (z,t;) for
i=1,---,nE 31 38 0|ZsM ZE2|& 5= J=X|E LIEH= AO|Ch

&M EletE 0|88t 40| 22| 2M|0|A Symmetrization lemma Of] 2[5 UNNLE 2 f 2n7H2]
ME Son, = {z1,..., 70, }0ll CHEt SEEE D{SIQICE O] W C7t EEEY = U= jc|EH SEEE
m€(2n) ALk 0|2t FAFSHA| Bf s 2EHA FOllN s, 2 ME 2,0 tHEsh= Yele| =0| 2t ¢,.53 iR
StME S) = (z1,t1), ..., (Ton, to,) = HZYSICE BFCF 7t VC-subgraph class (index &)2HH: 08
Sh.= 7H8ete F7H 0| MES e Ofgh 2= E2|A|FA BHE £ = iEH e 7HHl4= 0T 5|
CHA O(n*) 22 HSHEIZ & &~ ULt

2.2 Entropy

£ 7t& Z7HMeasurable space)O|2} 5111, Q= 0| &7t 2|2l S
2t SkXE1 < p < oooﬂ Cistod, £ ol st L, 37t L,(Q)= Ch3at 20| FeElCt.

Lp@):{g:)cw] [aria <}

ol g € L,(Q)2! A2l2| &F40] th3}0d, L,(Q)-=52 pHl&E2 Ciaat 20| A3t

Z,Q :/lglde

L,(Q) UM &F &tz g, h AOI2| HE|= T =2 Xt0|2] 27(21 d(g, h) = |g — hl, o= BEl5tH,

Definition 2.9 (5-Covering). § > 00 Cli{st0q, &S| 2 ¢, ..., g2 H2ZSIAL THF GOl &
Sh= Aelel g ¢E 7IMRQEEIE, {gy, ..., g9n} B0l H2I(E)7} 6 0I5t JA ¢, 7t MO = SiLt
THetehH &

=

b
g

lg — gj“p,Q <90

—_

fjo

ale

|
ool

40| BRIZ st 22HA G2l §-coveringO|2tL! SHCY,

-

2FX|IE0] 62l S(Ball)=2

rr

=1

Definition 2.10 (Convering Number & Entropy). d-covering= El

Z|A 7§ N2 §-covering number2t 1l 2204, CH22 20| E7|SHCE

Np(67 g; Q)



(TtoF Di3t R3kst )4 NO| EXHSIK| L=CHH N, (5,6, Q) = 0o %1F) 5-Entropy =
Hp(57 ga Q) = IOg Np(da ga Q)

Definition 2.11. 2= 0 > 00| tisto AE=ZL7F Rote O (H,(0,5,Q) < o), & 2ehA GE
totally bounded SICH & (ST

Definition 2.12 (Bracketing2 0|83t L, (Q)-AEZL|). Of2ff & XS UtEot= F &g
gy (&ehel ¥ [gf, g7']E BracketO|2} SHLL.

.Hg] _g]HPQ<6 (V]ZL,N)

T G5 25| 22 = U= 71 A2 2559 7+ N2 20|5HH, 7|Z2= N, 5(6,G, Q)2 &£
Ct. Bracketing Numbere &= & G5 25| B2 = A= 71 &2 2559 7H—r NZ 2|o|5t,
) =

7IZE2= N, 50,6, Q)=
HILB((S) gv Q) = lOg NP,B(57 ga Q)

Definition 2.13 (Entropy for the supremum norm). Lh&2 2HE3t= {g;} L, 0| EXMSIES st 7+
2 N9 22 N (6, G)Et SHAL

sup min 19— Gjloo <0
geG i=1

(2tef ol2{et JES THESH= Fet HE0| EXHSHK| =M N (0,G) = o2 =Lt

H,(6,G,Q) < H,5(6,G,Q), (2E > 00 th5t0d)

7h QRSO AL, BreF Q7 =8 S (probability measure)tH,

H,5(6,G,Q) < Hoo (g,g) . (BE 0 > 00 Ci5tod)



Lemma 2.15. GE Z7t&t=(increasing functions) g : R — [0,1]&2 2eiAE} 511, |t &et
=}

X C Re| A2 I(cardinality)?t nO[2t1 SHAL. J2{H 2= § > 00f| Ci5H0{ C}Z0| &S}
H,(6,G) < 10 1
A
(proof) & X7t z; < -+ < 2,0 BEE FHE|O QUACHD HALE Gof| £35H= 2E & g0l CH3H0d
Ct2at Zo| Fo|strt,
M; = {g(%)J 1=1 n
(2 5 9 - ) I I

9(z;) — g(z:)| <6, i=1,...,n.

RU=0< M, < <M, <[1/§]O0{ M; e NG =1,...,n) S & & UCL U2t 2|9

5 g0l & Jlr 123} 2P

(")

10.6) = tox ("1™ ) ) < L1761 togtn -+ 11/a]) + 1~ (L1 /a1

< [1/6]log(n+|1/6]) < log ( (15)

Lemma 2.16. G = {g : [0,1] — [0,1], |¢/| < 1} 2t 5tXt. TJ2{H O &4 Aof| cist0f CHSO|
MESH

H(0,G) < A%, forall§ >0

Lemma 2.17. T0{Xl &t ZejA7| Ct2np 242 o,




D= § > 00f CH5t0] CH20| MEISHTY
H.(0,G) < As—Ym

Proposition 2.18. 2XH2| 2.5 (Lemma 2.5)722|E HE|(Euclidean metric)7t 01T R SZH0f| A,

HHXIE0] RQl & By(R)2 BHXIE0] 621 SEZ Z|tf| T3 722 ASH ZF Y E(Covered) &=

RUACE.
AR+ 6\
)

(proof) {c;};L, C By(R)E MZ LHE F H ¢, 2t ¢, MO|2| H2|7F HOE § O]t BN UEE 5h=
7t& 2 el (Largest set, T Maximal §-packing set)O|2t11 SHXLEHCE O] Z2710| PHFREICHH, S2I0]
o]

;01T BIXIZ0] 691 BE (j = 1,..., N)2 BIEA| HH| & B,(R)S HO{ok BTk, (3toF oI
aiofo] EXYSHCIY, 1 olofl 72|zt 5 0latel MZE HS FItet 4 Qoo Jta 2 Asrolats 7t

Hof| 2&0| 47[7| ti=0lCt)0|H| S2i0] ;0|12 BHX|F0] /421 SS2 B2t 3Rt (j = 1,..., N).
0| SS2| HIX|E2 (4 0]A 2|2l 2| ZRIELH X7| WZ0, By, ..., By2 MZ22(Disjoint, AXIX|
F2)0ICt. Lot 0| =2 efEiel2 LhE1t 20| ozt 2ty E 39| RE28E0| =it

UBj C Bd(R+5/4)

7j=1

TR
Hu
B>
ro
Okl
mn
10
iy
E
10
O
o
ro
rx
(T
Hel
oo

=
IN

(54 - ()

Al

Ik
ojr

t2>(Loss function) E2eA F = {f, : 0 € © C R4} 7t 074 9= X|EEICHD 7Y SHAL

= O
O7tHIX|E ROl REE|E S o0 ACHH, O] EXFE|E A2t 6 2|0 & V72| Mo = 0|F 0Tl
[&t8t 5-net 0, ..., 02 LS = UL
aroF &4 SHTt o7 ool CHal BIAI= ASZM(|fo, (2) — fo, (2)| < L)) — 6])S THESHTHH,

11



Oi7He

OH

ot

2t2| Coverings 0|8&3101 e 22| covering= BHE == UL

00,1 <5 = |fola) — fo,(@)| < Lo

2t &4 SefA 7Ol L, AEZL| 82 proposition 2.182 FE

Theorem 2.19. L,(Q) 370l &5t= d7fe| &= ¢y, ..., ¢, E EiSt, 0|2 MY &
7+

combination)2 £ 0|FHZTI &t SeA GE Cr31 20| He|stXL

-
=
(¢
=]
-
(¢}
=
w9
[u—y
IJEE
rulu

JP{H B4 SEA g 35
#es 5 p,0f il CHeo|

(proof) 71801 I8l H, p(e, G,
0| Exlst0{ g ©H|IE =Lt

Vie{l,..

H, 5(6,G,P) < oo, foralld>0

CH=2| MEI(ULLN, Uniform Law of Large Numbers)=

sup |P,g — Pgl 20 asn — oo
9€g

eiA Got &8 & POf| CHS}0q, ChE =20| ZHEREICH D 7FSEHKY.

il

A8t (Linear

St

iy

P) < oc0|22, L, (P) 727} Ol3tel 81He| 2hal et {[uj, v;]} Y,

CHZO| FEISIT.

N =exp (Hyp(6,G,P)) < o0

NP ) = [(e) - w@)iPe) < o

12



kA olof g g € GE MEiSHH, O] -2 BN A= EF HeljZ QElA j e 1, N7HHIEA]
EX5H0] LhE FSAIE HEEiT.

Pou; < P,g < P,v; and Puj < Pg < Pu;

O| MESIER Xt & P,g — Pyl &8 Upper bound)E FotH CtE1t ZLt.
P,g— Pg < Pyv; — Pu; = (P,v; — Pvj) + P(v; — uj)
P(v; —u;) < 0|2,

P,g — Pg < (Pv; — Pvj) + €<  max (Pyvp — Pug) + €

=1,..,

=SSt =2| 2 5t8H(Lower bound)E 5t CtS1t 2Lt
P,g— Pg > P,u; — Pvj = (P,uj — Puj) — P(v; — uj) > (Pyuj — Puj) — ¢
P,g— Pg > _minN(Pnuk — Puy) — ¢
o] Aot 5HsH2 2|2 g ¢ GOofl Chsl QA jof Aelo] SSHo = MESIEZ, MA| S2HA0|
CHSt &8t Supremum) 7| E XY= BESS7t RXIEILCEL

sup |P.g — Pg|< max |P v — ka|—|— max | Pouy, — Pug| + €
gEg "7

O™ n — ool FotE FISHALOZIM w2t v GOl A
(Integrable functions)=0|04, 2efZle| & 7+ N2 nHE
CH==2f HE(WLLN)OI| 2lsl, 2t2te] kol Chstod Ch20| MEishTt

max |P, vk—ka|—>O and  max |Pnuk—Puk|£>0
k=1,..,N k=1,..,N

13



wr2kA &2f2f n > 00 tisto] ttE 12| gl Sets gt = Hehe + QL.

|

lim P (sup |P.g — Pg| > 26) =0

n—oo geg

Lemma 3.2 (Symmetrization lemma). & £k PREH iiqd EEH4 ME X, ..., X, 0 S
ote QM EXE P, = - )" | 0x,2t SFAL ESL P10t SEIO|HAM SYE 22 E 2= Thde)
H™H Z(Ghost empirical measure)E P, = L 3" | 0x/2t StALE e 204 Gofl 5t Y2l9|
gh got DFE &= 6 > 00f| ChStod CHS stek &710] BHEEICHD 7 SHAL

) 1
d(P, — P) =
JURSLIEHES
Teiel Chg 2SAj0| Al
, 0
P(sup| [ gd(P,—P)|>0) <2P(sup| [ gd(P,—P)|>=
geg geg 2

(proof) X = (X1,..., X,,)0[2t StAL Q|| &4 g € GOl TS0 AP A & T3t 20| Folstrt.

CESH M| S A0 CHEE ASHAIAZ A = Ugeg A BHEOlSHT) A ATHEPHSIIS M, @K ZHE
= eg =

2HESh= G U2 O g = g*(X)

{Ag* and ‘/g*d(P,g—P)‘ < g} € F(Xy,--, Xp, X1, - X))

Xet X'0| ZE0|22 2| AtZie| &ER



[aar-p)|-|[sar-r)|<|[sar,- e

ole=z

{‘/g*d(P"_P)‘ Zoand ‘/g*d(ﬂé ‘Sg} {'/9 d(P, — )
/gd(Pn—P)‘ >5) < Py (‘/g*d(Pn—m‘ >5>

< 2Pxx <‘/g*d(Pn—P)’ > 0 and ’/g*d(P,’L—P)‘ < g)

1)

Px (sup

geg

)
< 2Pxx (SUP /gd(P P > ) (g €g)
g€g 2
Lemma 3.3 (Symmetrization with Rademacher Sequence). & & PEEE9| jjid ME
(X1,...,X,)0l CHSst= BN E=E P, = L Y7 | 6y, 2t SHAL S Xt SR0|HAM 2t 94i7f

L2 BtEst= Rademacher Sequence W = (Wl, o W) S ERSHAL

1

sup,cg [lgll < ROI ME 37|7tn > 8R?/5*E 2EE W, (22| ¢ > 00fl B0 LHE F£S40|
GEistot.
1 )
Plsup|[ gd(P,—P)|>d) <4P | sup —ZWig(Xi) > —
(proof) A2|2| 1T g € GOl THot0d, E[¢(X;)] = [ gdPOIEE HYX HHO| 7|SiZt2 ANl 7|5
gtah URIstCE 8t 7FEol ol sup, g g < ROIE'E 7t sigwao| 24 Ch21t Zo| SAlECt

Var(g(X:)) < Elg(X:)°] < [lg]* < R

15



s
o

Chebyshev's inequality) B&3IH CHZ0| dEstCh

P (‘ / gd(P,— p>‘ . g) _Yarl[gdP,) _ fHar(g(X) _ AR

(6/2)2 52/4 = ne?
04710] 2 Ha|ol FHZ ME 37| U n > 8(%;2% CHRISHH CHS stst =4S TtEoA| EICH
4R? AR?

WWEtA Symmetrization lemma Ol 2|5H

1
P(sup /gd(Pn—P)‘>5>§2P sup |—
S 9€g

n
Oy, Z+2$e| ;of ChSto] X;2F X/= iid O|EE EEHS ¢(X;) — g(X))8 2Z= 02 FH2= Ui
olct. matM HEH w, € {—1,1}8° ¥H w = (wy, . .., w, )0l CH5t0q

(9(X1) = g(X}),.. ., g(X0) — g(XL)) £ (wr(g(X1) — g(XD)), -, wn(9(X) — g(X2)))

a 5 1 )
P (sup = (9(Xi) — g(X)| > 5) =P (sup = Wilg(X:) — g(X))| > 5)
9€9 =1 9€9 =1
SH
1 & , 1 & 1 & )
sup (= Y~ Wilg(X:) — g(X))| < sup|= > Wig(Xi)| +sup |= > Wig(X)
9€6 | i 9€G | 53 9€9 | ™ iz
olE=z
n n 5
P(sup|—> Wig(Xi)|+sup|— > Wig(X))|> =
956 | o 9€9 | ™ =1 2
<P|sup nW(X)>5 +P suplin(X’)>5
> up | — ig\Ai n - i i n
9eg | 4 9€G | i 4

16



1 n
P(sup / gd(P, - P) >5) < 2 (sup| LS Wile(x) — a(x0)| >
9€g 9eg | 2
< ap (sup| LS Wiy > 2
< sup "2 i9(X)| > 7]

Lemma 3.4. Suppose that for some constants Cy and Cs, we have that for each v € R"™ and all

a >0,
P(

2
Z CL) S Cl eXp {—ﬁ} . (1)
=1 /1

Assume sup,¢ ||gllq, < R. There exists a constant C depending only on Cy and Cy such that for
all 0 < e <9, and K > 0 satisfying

> Wiy
i=1

R
ﬁ(é—G)ZC(/ Hl/Q(u,Q,Qn)du\/R>, )
e/4K
we have
LN~ poe Iy < g2 _nd—e?
P(ﬁggn;mg(éz)Z5An;V% §K>§CGXP[ oo | 3)

Let {gj}jvzsl be a minimal 27° R-covering set of G, s = 0,1,...,S, so that Ny = N(27°R, G, Q,).

On the set
{EZVI/ZQ S KZ},
N

one can apply the Cauchy—Schwarz inequality to obtain that for
S=min{s >1:27°R<¢/K},

% Z Wi(g90(&) — g5 (&)

< Kllgo — 9 o, <e.

This shows that it suffices to prove the exponential inequality for

17



Now use chaining. Write

Note that by the triangle inequality,

s — 95 . < llgs — gollon + llge — 95 @, <27°R+27°t'R=3(2"°R).

Let 1, be positive numbers satisfying

S
d <L
s=1

Then

S n

SN Wigi&) - g5 &)

s=1 i=1

26—5)

1
P | sup|—
geo |1

< Z P (gug LS Wiaie) — 657 €)| 2 (6 dm)
€ i=1
L n(d —e)*n;
< ;C& exp {2}](2 R.G,Q,) — m] :

What is a good choice for n,? We take

60,2 °RHY?(27°R,G,Q,) y 275\ /s

= Jn(6—e) 8
Then indeed, by (3.6),
in <ZS:6022—5RH1/2( ng Qn i —s
s=1 B s=1 \/ﬁ<5_€ s=1
< L + L_ 1
-2 2 7

Here, we used the bound

18



dooys< 1+/ 2"V dr
s=1 1
<1 +/ 27" /x dx
0

- 1/2
=1 —
- (10g2)

< 4.

Observe that
6C22°RH'?(27°R. G, Q,)

>
s = V(s —e) ’
so that
- n(0 —e)’n;
H(27R.G.Qn) < 350550
Thus,

S

n(d
201 exp {QH( 27°R,G,Qn) — 9<C'22 QSRJ ch exp { 18<022 23%2} ‘
s=1

Next, invoke that
—s
Ns = 2 8\/5'

Then

ZCIGXP{ o~ )ns}gg(/’lexp[—M}

18C2 22 R? 1152 C3R?
< i Cexp [_%}
< 20 exp {_17;(552—_022;} ’

19



where in the last inequality, we used the assumption, included in (3.6), that

n(d —e)?
— 2 > ]og?2.
1152C2R2 = ¢
Thus, we have shown that
Pr | sup |- Eng >5A—§ W2 < K2 | <20, exp U 3.7)
o4 2 - ! 1152 C2R? | '

Theorem 3.5 (Universal Entropy Bound for VC-subgraph Classes). &4 S2{A F7t VC-index V
£ 7Kl VC-subgraph classO|11, F7} 0| 22HA0| 22t gts=(Envelope function)2td SHAL. 12 H
2olo =& F Q2 r > 10| CH5H0q, L= == CHS3E BHESHTL

r(V-1)
N Fllon 7. L,(@) < KV(169" ()

(Th0<e< 10|11, K= MO A=)

4 Donsker Class
Definition 4.1. §f427t F7t P-Donsker2h= A2 CH20| MEIEHE o|O|siCt,
G, = Gp inl>(F)

O7|1M ¢>°(F) = H : F - R | sup;cz [H(f)| < 00OICt. I8t 2 Gp= (°(F) &2 tight Gaus-

sian process@! Brownian bridge process 2, 0| 00|11 324t &7} Ct3a 2Tt

EGpf-Gpg]l = P(fg) — (Pf)(Pg), Vf,geF

Theorem 4.2. G,, = Gp in (*(F)7} dE5H7| 2t HEEXU2 L= F 7HX[0|Ct

o SR =& (Finite-dimensional convergence): ¥2|2| Rstet 22X f1,..., fn € FOl
CH5H0d, (G, f1, ..., G fm)Ol (Gpfi, ..., Gpg,,) 22 CHHZ SH2 @%‘EKCLT)OH o|alf 2=
ot

« M2N 7 SASY (Asymprotic equicontinuity): MO|-HER| 37t (F, pp) H0M G,,0| Asymp-

totic equicontinuityCt.

20



Definition 4.3 (MO|-0|EZ] pp). eteZ7t F 22| MO|-HIER] pp= L2 20| Ly(P) =ELE
ol EICt.

pr(f,9) = Ilf — 4l

pa= (P(r=9P) " = ([ - par) "

Definition 4.4 (Asymptotic equicontinuity). &37t F7F M|O|-HIEZ! p,0f CHs] M2H FSAS
ME BHESICH= A2 22l9| 5 > 00f| Cisto] CHZ0| G &IEHE 2|0|gtct

limlimsup P | sup |G,f—G,g|>n] =0
810 n—oo pp(f.g)<é

I5tA|1= 2F=2| 2|F X (outer probability) P*2 = H2|stC})

[u]

(O-I

o}

m

Definition 4.5 (c-net). MO|-HEZ S7F (F, Ly(P)
7t FOl e-netO|2t= A2 L2 7S BHEetS Q0|EITY.

— AL —

X
Sl
2
2
jo
30
ro
ok

I-T:fl,...,fNCJT"

Vf < .F, Elfj € T such that Hf — fj”RQ S IS}

Definition 4.6. Zf Z== k > 00| T304, T, = fy.1, ..., fun, C F= BHE ¢, 0l CHE3t= 2|4 37(9

ep-net = FO[SHCt ofuf A0 J4~= LSS TSI
Nk: = N(Ekv‘/t-a LQ(P))

Definition 4.7 (Projection At&). ZF 2|8l £of| CHal, et=37F FOIM FetE e Th22| AMY ARy
o F — T, CH32t 20| Felstct

m(f) = argmin || f — g[[p2
g€y,
O] Atef2 |4 RlA0| dH0f| 2|510] L2 RSAIS HUX = DIEGICL
1f = me(llp2 <ew, VfEF
Theorem 4.8 (Telescope decomposition). 2|2 1

NLES
Yolol et f € F= L3t 20| Zt A EE MIES

AL,

E| Z|CH 2af AT 2H K < NOj| Ci5}od,
(0] =

9| X10|(increment)2| SO 2 &S 2alE £

F=mo(f)+ > () = ma(f) + (f = 7x(f))

k=1

21



I AUt G, 2 MY ALX0|EE 2[9| thiaH 260 G, 2 2™ HE5IH L322 #|o[d
2ol Al (Chaining decomposztlon)% =Lt

Ol HHR| detsupremum)a FI5HH HZRSA0f 2|5 CH20] H&SHt.

K

sup |G, f| < sup |Gmo(f)] +ZSUP ‘G (7Tk f)— kal(f))‘ =+ sup |Gn(f — WK(f))’

feF =1 /€T Jer
o|o| 7| ¥HE o > 00f| CH5t0], CHE 2t 200] ZH|7t 1/221 0|l SH|+B(dyadic scale) e, 74
st

e =2"%, k=0,1,2,...

A2|9| f e FOil Ch5tod, 21 =& AFIEE AtO[2] HE|= ¢y EHRIZ HIOEICE

7. (f) = 1 (f) |l P2 < 3ex = gﬁk—1

HLFSHH Lo(P) =B oM R SHR AIG Al F2AM || f — 7 (f) P2 < exE HEE = VI
= 0|Ct.
17 (f) = a1 (F)llp2 < lIme(f) = fllpz + 1f = me-a(F) ]l 2

< &+ €k

3
=g+ 26, = 3¢, = §€k_1

mjo
N
=
n

2= Mol M| e FEHEE0|M, O cardinality= CHSQ| A6t
#{mp(f) —moa(f) - f € F} < NpNp—y

Theorem 4.9. (Sub-Gaussian Maximal Inequality)870| 00|11 Lo(P) =E0]| s 0|52l 7t2A|t
L= OF-7tR A9 sub-Gaussian) BEHSE 74, ..., Z,,0ll CH5I0{ CtS ES410| MG

E max |Z;| < C-sy/logm

1<j<m

0{7IM C > 0= HE &==0ILCt.
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Theorem 4.10. Zf 22 k0| A 2] Y =2 ofet 7|2 Ch31t 20| R0t

Esup |G, (7 (f) — mi—1 ()| S exe 1\/logN(€k,.7-" Ly(P))

feFr
Zt BR9| Ly(P) F7|= s < 4,100, 7t58 & 7= m < NN, Ol FE| 7.75 sie w&t
Eetoll M &stH Ch3at 2Lt

Esup |Gy, (mi(f) — me—1(f))
feF

Ol Wi Covering number= BtZ0| ZOIEHSE X B7I5I2E N, < N7t d&5HH, 0[0f w2}
log(NpNi—1) < log(N?) = 2log N7t REEICE O|S CHYISH0 FE|SHH 2[ZX 22 of2fje| HiRE

s olert

A

3
=~ C- (5519—1) lOg(Nka_l)

E;uglGn(Wk(f) — M1 ()] < 3V20 - g5-11/log Ny S e-1y/log N(ey, F, Lo(P)) O

&t u— \/log N (u, F, Ly(P))= u0ll thdl ZA5h= Ttxgt4=0|2 2, ZF 51| 712t [¢), g4y ] LHOIM
o F|SZ2 212 B u = 0l M LIEFLHTE [EbM ZALZEE ZAL0| of3l ChE £5410] HEstt.

V01og N(eg)(ep—1 —er) < /ak_1 Vlog N(u, F, Ly(P)) du

I SAE k= 156 K7 Aoz GstHE HEZ 712H0] AlLtEirt.

(o][]

Z V1og N(ex)(ep—1 — k) < Z/Ekl V1og N(u) du = /EO V1og N (u) du
k=1 k=1 "¢k €K

OO AN X5 -

6":’_6020"5[(:2 o Ab

o

il
i
b
iy

xgsto

—

rio
g

A=z 2 Sh= AEZL| H 0l

rr
I
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g

Zek,l\/log]\f(gk,]:, Ly(P)) < 2/ Vlog N(u, F, Ly(P)) du

2-Kq

al
|>
N
o
1o
0l
HI
Jr
1}
H1
lo
o
rlo
inl
ojo
=
my!
o
i

ol

ot eH(Riemann sum) +E2E Edf 9% AEZL|

K o

> er1\/log N(ep, F, Ly(P)) < 4/ Vlog N(u, F, Ly(P)) du

K
k=1 2 o

1z
L=}
2%
u
ol
n

Theorem 4.11. envelope function F' = sup,. - | f|7t =72 Th5 8BS

E* sup [Gof| < K / Viog N(w, F. Lo(P)) du + An(K)
feF 0

A (K)EYUTHME KE 25| A 1 n — ooZ B I 2K} 80| o(1) 2 2HEE LIEIL =
LM X| St(remainder term)O|L}.

g

E*sup |G, f| < E* max |Grg| + 20/
0

feF 9¢€ 2-

. Viog N(u) du+ E* sup |G, (f — 7 f)]

fer

7N mrfe || f—7rfllpe < 27500|CH KE DFAZI HEHOM n — oo Y W, remainder term2

Ch-o| & & SYFEHE[Q| &Eof ofsh th3at 20| FAl 7ts8 +E22 o=t

lim limsup E* sup |G, (f — 7 f)] =0

K—o0 n—o00 fe]:
[HEtA T RAN= o(1) 2 231, =4 AE=ZT| HF0| X|H) 22 H=Ct.

Definition 4.12. 2|9 =24 UL HIA § > 00 CH510{, X} &t=2| &§2l Localized Class
Fs= Ct32t Z0| Ho|stLt.

Fs={f—9:LgeF, |f—gllp2 <5}

Theorem 4.13. 2tef CIZo| A EZL| X2 £710| ME

o

Cte

—

/1 \/logN(u,]:7L2(P))du < 00

W
rr
oA
ry
A
£l
oin
rO
1t
0x
mjo
0

At =510, Z|ZSHMOZ P-Donsker class7t EICE
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o|5}0

\/logN (u, F, La(P)) du + o(1)
= of

(proof) =4 32t Fs0ll &
A
(integrable)st2 2, HE9| MCLHoILM

BEAEE] 10.109] =7|
“sup |G, h| < 2C

heFs
oM 7HEE

oL

20| X2 &
I- 1)
Vlog N(u, F, Ly(P)) du = 0
olo| AAX| » > 00l CH50{ CHSO|

A(Markov's inequality)ol| CH2ioHH
E*sup,c 7, |G,h|
n

0|I'I

< hmhmsup
610 pooo
/ Vlog N(u, F, Ly(P)) du = 0

Ct
hm lim sup P* sup |Gnf —Gpgl >n
g — hm
n 510

=S Aj0| MBIt

k € NOf| tisto{ Ch2

5 Appendix
o o] Y4

Proposition 5.1. /2[2]
k
e

Elo.
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k
Zlni >kink —k

MM EE 0|88t steHLower bound) REES f(z) = Inze F2H[1, k]0IM BHE S7ISIEE,
Qlofo| o] M4 € 2,3, ..., kOl CHSI04 CHS0| MElstct,

Veeli—1,4, Inz<lIni

/lnxd:ﬁg/ Inidx =In+
i—1 i—1

ME i = 28H kK| 22 o™ (Summation) THSF 2L,

i k
/ Inzdr < Zlni
1—1

-
I e
[\

1=2
HAFo 2 MEM In1 = 0 E O|2sH 2| A2 Ct=2t 20| Fe|ECt
k k
/ Inzdx < Zlnz
1 =1
TH 3 M2 A D E|D BE4 CEAHO| HNES RENEY

MEH (Integration by parts)S AE5H0q
HAbSHCY,

k k
/ Inxdx = [xlnx—x}
1 1

=(klnk—k)—(1In1—-1)
=klnk—-k+1
Tt 29| Z1tof| CHSHH CHES Y=Lt

k
ZlniZklnk—kJrl

=1
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o|uf 1 > 00|22 C}20| &reds| MzIGHT}

o

k
Zlnz’Zklnk—k+1>klnk—k
=1

—

kA 23 #ek Mol FX| 2tA|of 2|5t tHE &

Proposition 5.2.

(proof)

(Z) _ n(n—l)..].{!(n—k;—l—l) < % < (kr/le)k _ (el;:n)k

= uy

ojn

A2 Proposition 3.1 0f 2|t Z40|LC}.

—
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