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- HIE{ZZHvector space)2 AZE} A|(field) F {I0M Fe|E A==, F IHX]
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2ol Feo|
BE yv,weV a,beFo| CHfsH:
1) S| welEA: utv=v+u

2) S| ZePHAL (utv)+w=u+(v+w)

. 30€V such that v+0=v



(inner product) 2 HIE{ES2H0f|A = BIE| u,ve V| Lol A EE= B4 212 Bttt o2, COHS

S|
o 2|8 TERLICE (-, ):VXV->FZE uv,weV, AZ2t asFa 0f Chsl:
» Ao MEDS /M (Positive-definiteness):(v,v)=0,and(v,v)=0 < v=0

» MEM (Linearity in the first argument):
(au+v,w)=a(u,w)+(v,w)
» | CiAlA (Conjugate symmetry) (A Z2H0| M= Tha CHAA):

<u,v>=<vu>
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HES2: a=(ay,...,ay) €R"

XS 2h <a,b>= X, a;b; 22 LIXZ 2O

I, 52t

SIEID2k a € L, a = (a5, az, ..) O|ZIK T2, a? < o0 Ol A2 I
LS 2t a,b e l, 0 TohM < a, b > = ¥i2, a;b; = 72|

1)a,b€ l2 '?jZE’ilaibi < oo
2)<kab>=k<ab>
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HIE{ T2k LY

LiZ{0] “golEl HlElS2to of

- Ly(w) 32 (K47|X p = measurable space (X, F)I0IA HolEl Q=)
HIE{ S22k f € Ly(w), (f: X — R, measurable function) Of CHSHA [ f(x)?dp(x) < » & 2t&
LHXS2t f, g € Lyl CHsHM < f, g > = [ f(x)g(x)du(x)

1Nf,9 € L(WE<Sf,g><
2)<kf,g>=k<f,g>

3) UiXe| FelE TESH=X| 2l
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L,(w) &2t
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A9l Hets 42l =EAL

JIfIZdu(x) < o0 5 2EFSh= f 2| RYS H2olct,
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cosine law

- TEtIEtA HEIS HEBOHH AH? +
BH? = AB? 0|22 Z{HH|E 0|85}0 L}

(bcos@, bsinf) S oF A OO
4 . = 2 T MO

(bsin)? + (a — bcosB)? = c?

=, a? + b? — 2abcosf = c?




cosine law

Cosine law £ LH&0| Mo|= HIE{Z 21| M

-1 L |
- a? + b%? — 2abcosf = c? Of|A|
a? = |[vll?, b% = lull?, ¢® = |lv — ull* o

Che5|D02 0|2 M2 (51 cosh = —
SEE2=Z 0|F FEI5HH cosh =




*cosine simlarity

Cosine similary = & H|0|H2| SAIE S

xTy
- COS(X, =
X (oY) = i

- HIEZZH0M cosine law & E8HA
h

cos(x,y)?} &= HlE{7} O|F

A O|lS
T AAO

Y



*cosine simlarity
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20[1

Y

Cosine similary = & H|0|H2| SAIE S

. o dZ
sin 2FE4S 0|80t cos 6 = 1 — —

%, cosine simarlity TIR[R O 2 HFal=
HO[E2] F22|CI2F HE Q| el

OfH HIAE EZNOP)2 CHE EHIAE EF
0| 2|5 HIAE AW BIE{2F cosine

FAEC| ALt -> “ERE FIoIAT 21212 2F



HAA (Projection)
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HAIE (Projection)

Z|THHe| HE
c(v) 2 HEHZM w2t FS2|C2F A
¢ 2|7} 7Hg Zhit= HH
fl@) = llu—av|l* & £[A8} 5h= a=

“u—av
\ a=u"v/|v|?

T
C(v): v & spantt B £, L2yt o) o] HE = uot oy

v Qv HEP2h HIE
. Fufeio) = px/ of):

7) &, 2)2[EAE]
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HAIEO 2N LY

v ZF UL vl = 1 all k O|2f1 IFSSHEAL,
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ALt &, Wv v, =
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BE LIEML

ka'” xci*l’
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OftH #IE{ u € € Of CHAHAM u' v,

ul| HAHOICE -> ulvy

£\ WHIE{Of| CHBHA OfFE HIE{Q| LY

oF o

—t

C
[
@)
AN
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1)

(Projection of Y onto €(Xj, ..., Xp))

Fe(Xy, ..., X,)Sl0] HiE

(ZArEL| & 2K 2|Bf) 1) A, 2) Z|THAHE



QAT HO 2 HHIE|O| KA
ST e(Xy, ..., Xp) RIC RIS MIEN= 0y X, + -+ + X, (0 € R) 2 HAZ
- Y Qe Xy + -+ apX, ol RE2|CI0H HE(Q| MES Chaut 20| T2 HAIR

f(a) = Y —Xall> EfX=[X,..X,) e R, a=(a,.. ) ERP

- f(a) EEABBH= a sa = (XTX)TIXTY 2 F0XZ2 X(XTX)TIXTY £ 8932t e(Xy, ..,

HER Y 2t H2PEIFE IS,

- X(XTX) XY 2 C(Xy, ..., X, )Ofl CHSHHIE] v 0] AL

ole
T MO

Xp) 29



AR

AL QXKL (Projection operator)

© Xy, Xy B EHMERIT SN, X = [X,, .. X,p] 2HE
STY AT €000 TS EARYS SR
Mgy = XXTX) X ((X7X) ™ 7} EXfEHS IFg)

- ARE QITIO HE

O -

MexY € C(X), (I —Tex)Y € CH(X)
exy= e e

Meo (I = Tex) = 0

h<

f -\

XXTX)"1xTy

l:l—l-l X = [Xl'XZ]



AL OIAEXL (Projection operator)

= nxp O ML O|0|E{ i, ¥ = nkt2l HESH s QHIE{S AH2ISIX}

- Y= HeY = XXX TXTY = XP

- X o=
- X, E X O R FHERI T OFH X = [Xy, .. Xp] 2F HAIZ 2= QT
_ " Y
- @ééﬂC(X)% {UERn:Y:ﬁlxl+"'+,8pofﬁlr -ugp ERl}EE .
AJt 2 Qict i
X

2
SSE = ||Y — e Y|, X(XTX) 1 XTY

2
R? = ||Hc(X)Y|| /IIYII% (RE |cos(Tlecx)Y, NIZ=+US) CFX = [X,X,]
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Gertheiss, J., Rigamer, D., Liew, B. X., & Greven, S. (2024). Functional data analysis: An
introduction and recent developments. Biometrical Journal, 66(7), e202300363.
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HILISH 52t (Banach Space)

L, — space F

k,;]

o= HIE{ZZH(linear vector space)0|2tl 71, (HIEZ 2t Hel=toll)

olojo

Ol f,g € Fo Ol LHSHM oy f + a9 € Fo & 2I0[EL

FRIOIM norm 2 |IfIl = /ffZ(x)dx OB IIMSIT F = {f € Fy: [ f2(x)dx < o} O|2} EX}.
0| L, — space 2} £ 2L},

L, — space= complete linear space L. (Riesz-Fischer Theorem)
complete space 2| 2|0|: {f,} € F Of| CHsHA DIk O+ ZXHSIH ||f,, — fIl > 0asn - 0 21H f €
F. (Fe= 220 US)

(BI) MPHEIZ2E + norm F2lE + 2iH[Z2F-> Banach Space 2t 25
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HILISH 52t (Banach Space)

Banach space

L= (norm): Yol &= ([x]| =0, [|x]| =0 & x =0),

Al +yll < llxll + Nyl
o] Hlkl E :|*| Aozlol AE;I

SAt
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HILISH 52t (Banach Space)

Banach space 522 of

- matlEs

- L, —space

- L, — space: oK} HIEZ2t

28 x = (x1,%, ...) O ThSHA 1, — space 2l norm 2 ||xll, = (X;lxM)YP 2 2



HE &2 (Banach Space)

SHE 32192 XM L, — space F

- F ?lolM RO = C2 & THESt
(F = HiLISH Z2H0l| LiX S = e
N<af+a,gh>=a, <f,h> +a, <g,h>
2)<f,g>=<g,f>
33<ff>=1fl?=0

- O)<f,g>=[f(x)g(x)dx = LHHO|2f
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7|9} C|o|E| B

Of|A|

- 3% Z20f HIE| x=(2,3,1) 7 YTt Ib

. Ol HE{= BE 7[NS 7|Z0E Ch31 2o| HEHE!

x=2-e1+3-e2+1-e3
2| B= 7|18 :e1=(1,0,0),e2=(0,1,0),e3=(0,0,1)

- O] x2| = (2,3,1)0|0, 0|20 HEZ HE | X{of CHEt | X3t HH.
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7|9} C|o|E| B

Of|A|

o= 72|X2t Ofl ChZL| MZR 2[XE A:
v1=(1,1,0),v2=(0,1,1),v3=(1,0,1)

- O] 2|X{of| CHaH HIE] x=(2,3,1) £ Ct20t 20| E3E 4~ Q)

x=alv1+a2v2+a3v3,al=1,a2=2,a3=1

- &, x= MZ2 71X CHsh =&} (1,2,1)0] E.
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27| X2t H|0|E| T

EwI[x
- ZlmI|X(orthogonal basis) = MZ ZI12H90E) &k O

odo-

) jlx_l {vll ey Un} jl- EIDL7|X‘|O||?_:| El‘%Ol MEISH
* ]

< Vi, Vj >=0, fori

- E9|, 2= 2| HO|MX| 10|H &I |X(orthonormal basis)2} &

llvill =1



x| 7| X2} Gl0|E] B3

B |ME Ol82t HO|E{e] By

- OOt x = ayvy + ayvy + -+ + apv, B EALD J1N {v,, ..., v, } 7t AT |[XH CRSO0|

<x,vj>=aj

J|MHIEIS 0| 8% L0 # (< x,y >=xTy 21 B2)

2| X2} ElofEe] 2 LiXzgis BHF0Rt & = US
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A7 | X2t G|0|E F

ENHOR 2E| 9 0[Efe] 22

—

(F Ea&wo|x) F~1 = FT 0| gl

> FFT =1 (v[v; =0,fori#j, ||| =1), FFFx =x 42 BY £ Q02 FTF =1
» = FFT = FTF = 10|22 F~1 = FT (28§ 0| 92 A)
v] v x
- x=F'Fx=[v1 = W]|:i|x=[v1 = ]| i [=vwix+-+v,
7 vlx

= (v v] + -+ v vl)x

vl x
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HO[E &= (encoding)z} &dtHet(decoding)

- HTDED eS| TUE F L Fl = FT OS2 S

o -
= F Y Fx = FTFx = F'a (GJ0/E/S| 28] H&{51o/ oL

= =

- X =auv, + -+ a,v, 0|1 O q;5 092 CHX|SI DX} & (EHHES 2| st Xfeh

. UHI0| g, 7} 002 THXIAIZ! Hl0JE ESES 4 = (a@, ...,
Olatn FA[SHR}

- X 2tx O] REC|CRF HEAHE=?
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ot

[ E0[EfQ] 7|

2F[a,b] RIOIM FelE M&E HE 2ts 32l 52t

5
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=
o
>
T
1]
I

b
L,[a b] = {f: @, b] — R:j £(O2dt < oo}

- 0] 3Zk2 UiX(inner product) O] F2l&l Hilbert 5222, LiA2 CiZ2t 20| g2lgt.

b
<fig>= j F(Dg@)dt
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[ E0[EfQ] 7|

- Ly -2 2|K (basis) 2 CH2 S RHEBHE Bl
» preL,[a,b]

><<pk,<pj>=0fork¢j, < @, P >=1

> 22I9| feL,[a, b] Ol CHSKM Y32, af < o0 @l a = (a4, ay, -

=0
Ly

lim

N—->oo

N
f- z Ak Pk
k=1

)2t

=

f{Stod
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x| 7| X2} Gl0|E] B3

Fourier 7|X

- Ly[—m, m] o A uI|A:

B = {1,sin(t), cos(t),sin(2t),cos(2t), ... }

F(E) = ag + Z a sin(kt) + bycos(kt)
k=1
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[2Z]Fourier 7|XF 0| 8¢t ClI0[& EAAS OEAH & 21200}?
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