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Things to know

e Convex set and examples
e Visualization of a halfspace

e Convex preserving map
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Figure 1: One convex set and two nonconvex sets
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Convex set A subset C of R™ is convex if and only if for all 21,22 € C and all § € [0, 1],
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Cone: Aset K CR"isaconeifx € K — ax € K forany a >0 € R.

Convex cone C'is convex and cone, which means that
0121 + Osx9 € C

for any z1, 29 € C' and 61,605 > 0.

Convex cone is convex.
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Figure 2: Convex cone
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Norm cone

C={(z,t) ER" xRy : ||z]| < t}

.
O:{(a:,t)eRnH:(f) (é ?1 )(f)go,tzo}

Norm cone is convex.

Note that
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Example (norm cone)

Figure 2.10 Boundary of second-order cone in R?, {(zq, xa,¢) | (x3+23)1/2 <

£,
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Conic Combination

Definition

Let S C R™. A vector z € R" is called a conic combination of vectors z1,xo,..., 2 € S if

k
B = 0;x;, where 6; >0 Vi.
i=1
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Conic hull: the conic hull of a set S is the set of all conic combinations of the points in S,

n

Cone(S) = Ej Zaiczzi ta; > 0,2, €8
n=1

=1
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(Conic hull) The conic hull of a set C' is the smallest convex cone containing C.

(proof)

e Conic hull of a set C'is convex and cone.
e If C’ is convex cone containing C' then the conic hull of C' is contained by C’.

e Thus, the proof is complete.
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Ray: {zg +0v: 60> 0}

A ray is convex.
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Figure 3: Visualization of Ray
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Hyperplane and Halfsapce

e Hyperplane: {z € R" : aT2 = b}
e Halfspace: {x € R": a2 < b}

Both hyperplane and halfspace are convex. Hyperplain divides the space into the two halfspace.
Each halfspace is the SOLUTION SET OF THE INEQUALITY.
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Figure 4: Hyperplane and Halfspace
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Visualization of half space

We know that C = {x : a'x = 0} is illustrated by line on a plane and the vector can be
denoted by normal vector at the origin of the line. Let z = a then a'2 > 0 and we know

that the z = a € {x : a2 > 0}. That is, the half space containing the denoted a becomes
{z:aTz >0}
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Let a € R™ and # € R". Fix an a and consider a set {z : a'

x = 0}. The figure below shows

how to display {z € R™ : a"x = b} on graph. First consider a set {x € R" : a'z = 0}.

a
0
\\ an
[ ]
/ 0

fxra'x =0} = {x:<a,x >=0} {riad’'(x —xp) =0} ={x:<a,x —xy >=0}

Unless a # 0, we can choose 2o € R™ satisfying a2y = b. Similarly,
perpendicular vector on the line.
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({w: oo > b} Yool AlZ3} W)

. 2—!’“d?—l AZo| ot & xo% MEISH = aTaoE AlLEHCH
o a'zg> 07} 20| ol FHS Astn, HAI0[H BHifZ oS 2B
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Practice 1

Consider a,z € R?

e Let a = (2,1)" and draw the point a in R%.
e Draw the line, the set of points (z1, z3) satisfying 2x; + xo = 0.
e Check that the line is the set C' = {z : a "2 = 0}.

e Make a shade on the region 2x1 4+ x5 > 0 and check that the region contains a.

Finally check that a is orthogonal to all elements in C.
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Practice 2

Consider A = R™*2 and = € R?. Denote a;r € R? for j = 1,--- ,m be the jth row vector of
A. We will illustrate the region {x : Az < 0}.

e Note that {z: Az 20} =N, {z : a]z < 0}.
e Draw the region, the set of points (1, z2) satisfying ajTa: < 0 for each j.

e Find the intersection of the regions.
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Examples (I5-ball)
C:{X:(th--- 737”) ERTLJ:%"'—FI‘TQL < 1}

Euclidean norm: ||x||s = /23 + - -+ + 22.

xelC& x| <1

For x,x’ € C,

A

16[l2 + [I(1 — 6)x"2
Olix|l2 + (1 = O)lIx"[l2 < 1

1% + (1 = )x'[|.

0x+ (1-0)x' eC.
The first inequality holds because of triangular inequality.
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Figure 5: [,-ball
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Figure 6: Ellipsoid
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Examples (polyhedron)
Let A be n x p matrix, b € R?, C be m X p matrix, and d € R™.

C={xeR": Az <b,Cx = d} is convex.

?| Ofli= Convex set2] ZO|E O|&3HiA &l 4= QU= Tt
(Proof) Let z,z’ € C For 6 € [0, 1]

ABz + (1 —0)z’) =0Az+ (1 — 0)Ax’ < 0b+ (1 —60)b=1b,

and

Cllz+ (1—0)z")=0Cx+(1—-06)Czx’ =d

So, 6z + (1 — 0):1:/ eC
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Department of Statistics, University of Seoul Convex Optimization Problem Il



o2

—~—

>
as

|

as

Figure 7: Visualization of Polyhedron
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Examples (Semipositive definite matrix S7)

qn — {X e R™X" . X — XT}
ST = {X € §"[X » 0}

ST, ={X € 5" X » 0}

All sets are convex.
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Supporting hyperplane

Let C C R™ and zy be a point on the boundary of C. If a # 0 satisfies a'x < a'z for all
x € C then, the hyperplane {z :a"x = a 'z} is called a supporting hyperplane to C' at z.

Figure 8: Supporting Hyperplane
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Convex preserving operation

e If Cq, Cy are convex sets, then C; N Cy is also convex set.
e If C'is convex set, then C'+ z = {z + z : € C'} is convex.

e Let C be convex subset of R™ and f:x € C'+— Az + b € R"™ where A € R"*™ and
beR™ Then {y:y= Az + b,z € C} is convex.

Perspective function™

Linear fractional functions™
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Perspective function

fiR" xRy — f(x,2) € R, where f(z,2) =x/z.

The perspective function preserves the convexity of a set. If C' C dom(f) is convex, then f(C')
is convex. In addition, an inverse image of f is convex.
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Linear fractional function

Let Ac R™*™ and be R™ and c € R" and d € R. f:R" — f(x) € R™, where

_ Az +b

flz) = ot d dom(f)={z:c"z+d >0}
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Linear fractional function Let g : R R™*+1 s affine, i.e.,

on(2)+(2)

where A € R™*™ and b € R™ and ¢ € R™ and d € R. Let P be a perspective function, then

fl@)=Pog.

This representation of f helps to prove that the linear-fractional function is convex preserving.
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Example: probability model

o w=(wi,...,w,) € R" w; >0 and suppose that w € C' (convex)
e probability model:

w;
Qi:mv i=1,...,n
Then,
w
Q:{q:qzm,weC}
is convex.
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e Prove that the linear fractional function is convexity preserving map.

e Solve 2.1-2.10, 2.16-2.19
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&7ZH(projective space) P"2 R*" 10| HHS

£ RE 20| Z3t PO B Yo RMHIO|A

2 A|Lt= 2AM StLof| TS . &0 ol P
(20,71, .., 2n) # 00f] 00| OFl AZta} \0f| CH3H o

r

.={\z|XeR} Vaw :

L 22 Al"g|s Rretl 20| 2IM SiLt izt
o ]P’"O'”A‘I'_ ZIA L d “E 2 o|-|__|-O| Z-IOE _raéal-
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Figure 9: lllustration of P?
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Equivalent classOf| 2|5t Ho|= P" = (R”H\{O})/ ~ where u~v < Fk#0:u=kv.

o 320N S HE X = [X,Y, Z] T2 AW, IE kXTt P2Oj|M Z2 4D
S A2t (homogeneous coordinates)

—

. ]P’2°| @ ’é.*2 RP®| YHS ALh= & 2140 822 1 AEAIE SAztHE

.Ar 27| o| Holof| oJaH [X : Y : Z] = [kX : kY : kZ] (k # 0).

o 7 +#00[% OHH IE 7 — 12 Y8510 BalIts: (X :V: 7] — [£,2.1]".
o O|Wf, CHS3St= R22E HBEE (£, %) € R?0|0{ 22} 40| 324219| 2| M5t B2
AldBel ot A MuE 4 g
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Figure 10: Caption
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Figure 11: A model for the projective plane
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g2t 20| T (duality)S 7.
o OilAl:
e ML B M xEx =0 EE (x=0%F 7t YAo=2 HH Jt5.
o S 2M ¢, 00| mAISH= BH A x = £ x £
o & 8 x,x'8 ot A L =xxx'
o 5, At AH9| 9IRS HHIOE SYS SAE AME Its
o MEtM, & HE ALts 2o 42
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T f{of LAl 0|2 =44 (conic)2 EfZ2 20| FO{ZIL}:

az® +bry+cy’ +dr+ey+ f =0.
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0|2 &2}l (homogeneous polynomial) 22 HHLY| 2JsH MER H4 28 ol ZE &2
22t2 YECL

dr — dzxz,
ey — eyz,

f— f2

wetA S2t3t(homogenization)E Al
az? + bzy + cy? + dxz + eyz + f22 =

O] =™, Ol 22t SAtA0|Ct.
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conic WHA F(z,y,z) = 00| QJUCtD St} O & =
az? + bry + cy? +dxz+eyz + f22 =0
= 22} S2HAO|CH T2tM (z,y,2)7t li2tH, /oo AZt2t k £ 00| CHSH
F(kx,ky, kz) = k*F(2,y,2) =0

O0|B2 (kx,ky, kz)= HA| oli7t ECt. =, |HO|M S2sH= o 2d 22l 2& ES0| conic
2l UG AtH A (projective point)0f| sHE ST}

T2kA conic® AFEBZIOIA {(:y: 2) € B2 | Flx,y,2) = 0} 2 Ho|Ec,

Department of Statistics, University of Seoul Convex Optimization Problem Il 39 /46



The conic function can be written by

{x y Z:|A Z/; =0.

z
where

a b/2 d/2

A=1b/2 ¢ €/2

/2 e/2 f
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az? +bxy + ey’ + dez +eyz + f22 =0

OlE¥E c=(abcde f)T € R6OZ2 AH,

(22 7y ¥ 7 oy )e=0
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CHA 20l A (z4,v:), i =1,...,55 CHYUSHH

Ac=0
o7|M HE A=
@ omy oyl om oy 1
T35 Toyr Y5 w2 Y2 1
A= |23 x3ys y3 x3 y3 1
x ways Y3 T4 ys 1
T3 wsys Yz s ys 1

HHO| A null space HIE{7} RS 2] 7} £ 12 conics RYSHA 23
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Appendix

Separating hyperplane theorem

Let C and D be convex sets in R™ with C N D = ¢. Then, there exists a € R™, a # 0 and
beR, such thata 'z <bforall z € Cand a’'x >1bforall x € D.
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Appendix

Strict separating hyperplane theorem

In general, a strict separating hyperplane does not hold, even when C' and D are closed.

—\/
=,

— |
—

Figure 12: Not strict separating convex sets
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Appendix

Strict separating hyperplane theorem

Let C be a closed convex set and D = {z¢} with g ¢ C. Then, there exists a # 0 and b such
thata'z <bforallz€ Canda'z >bforz e D.

This result implies that a convex is represented by all intersections of hyperplanes containing the
convex set.
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Converse separating hyperplane theorem

See p50.
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